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Preface

Multila yer optical coatings are successfullyemployed in various “elds, suc as
optical and scierti ¢ instrumentation manufacturing, astronomy, spectroscopy,
medicine,etc. A great number of laboratories and experts are involvedin design-
ing and manufacturing modern optical coatings. At presen, in order to receive
best results one needsto be aware of all aspects of design and production of
multila yer optical coatings. The goal of this book is to provide a comprehen-
sive outlook on modern problems in multila yer optics. A characteristic feature
of the book is an attempt to make it useful for a wide range of experts from
specialists of practical applications to specialists elaborating the theory of thin
‘Im coatings.



Chapter 1

SPECTRAL

CHARA CTERISTICS OF
MUL TILA YER
COATINGS: THEOR Y

1.1 Electromagnetic eld in layered media;
spectral characteristics of layered media

It is essetial to begin the sectionwith deriving layered medium eld equations
from the Maxwell equations as sometimeserrors occur in calculating due to an
inconsistert use of some nal formulas. It is evident from the following that
a change of the sign in the time exponertial factor results in the change of all
values for complex conjugates. Misunderstanding is sometimescausedby the
fact that di®erent authors use formulas obtained with di®erent choice of the
time exponertial factor. Also, introducing the re°ectance through a magnetic
or an electric "eld results in di®erert signsin the nal re°ectance formulas.
Knowledgeof the principal stepsin deriving formulas helpsto eliminate possible
errors.

1.1.1 Layered medium electromagnetic eld equations

Fig. 1.1 preserns the basic physical model dealt with in studying multila yer
optical coatings. Two homogeneoussemi-in nite isotropic media are separated
by a set of plane parallel isotropic layers, non-limited in either directions, whose
permittivit y and conductivity depend on onespatial coordinate perpendicular to
the boundary betweenlayers and media. A plane electromagnetic wave incites
from the "rst medium to the boundary. This causesa plane re°ected wave in
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Fig. 1.1. Multila yer optical coating model.

the rst medium and a plane transmitted wave in the secondone.

The given model adequately describesmultila yer coatingsasthe width of the
coating always exceedamany times the wavelength of the incident wave and the
total thicknessof the coating. Further, we considerthese both media and the
layers non-magnetic (magnetic permeability is equal to 1) and assumean ab-
senceof volume charges,both assumptionsare quite standard in the multila yer
optics. Theseassumptionsadmitted, the Maxwell equationsin the medium are
as follows:

NG "@E AR
£EE=j ——: £FEH= -——+ —E: 1.1.1
¢ s @’ ¢ ca c ( )

Here E is an electric vector, H is a magnetic vector,
electrical conductivity, c is the velocity of light.

The E; H "eld satis esthe equations(1.1.1) at the " and %cortin uity points.
At the " and %discretion points, i.e., at the boundaries between the layers E
and A tangential componerts ought to be corntinuous. A study of the "eld in a
layered medium, in e®ect,comesdown to the solution of equation (1.1.1) with
speci ed boundary conditions when the "eld is excited by an incident plane
wave.

Let us denotethe spacevariable, perpendicular to the boundary of layers, as
z and direct the z axis outwardly, to where the incident wave (Fig. 1.1) comes
from. Let the incident wave be a plane monochromatic ! -frequency wave. Let
us assumea time dependenceof the "eld be exp(i! t) * and hold

is permittivit y, ¥is

1This selection of the time factor gives the sign of the imaginary part of the complex
refractiv e index most frequently used in multila yer optics; it will feature the negative sign.
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E = E exp(i! t); H = H exp(i! t):

Here vectors E and H depend only on the spatial variables.
Substituting these expressionsinto (1.1.1) and further reducing by exp(i! t)
exponertial factor, we obtain
AYRa

I I
¢ £EE=ji=H; ¢E£EHA=I-"E+ —E: (1.1.2)
C c C

Typically the wavelength of incident wave in vacuum is used as a spectral
parameter characterizing a monochromatic wave:

— C .
7
Another corveniert spectral parameter is the wavenumber of the incident
wave in vacuum k = ! =¢ related to the wavelength by the equation:
2Y4

k= —:

It is also conveniert for further useto introduce a complex permittivit y of
the medium de ned as

V%7
o
In conformity with the previously arrangeddirection of the z-axis, the com-

plex permittivit y turns to be a function of a variable z. Taking into accourt the
above assignations,equations (1.1.2) will take the following form:

¢CEE={ikHA; ¢£H=ikY2)E: (1.1.3)

Let us decompse the electromagnetic "eld of the wave into two compo-
nents, the rst being the S-componert, with the electric vector perpendicular
to the incidence plane, the other one, the P-componen, featuring the plane-
parallel electric vector. Let us selecta coordinate systemsothat the x-axis be
perpendicular to the plane of incidenceand the y-axis be in this plane.

Let us denote the angle of incidence as °,, the permittivit y of the outer
spacewherethe incident wave comesfrom as",; the permittivit y of the second
outer space,traditionally referred to as substrate, as"s. Let us then consider
equationsfor the S-componert and the P-componert of the “eld separately

The S-polarization case. In this case,the electric vector E has only one
componen Ey di®erert from 0.

Fig. 1.2 shows the yz-cross-sectionof the layered structure in question. The
x-axis is directed backwards, sothe E vector is perpendicular to the yz-plane,
away from the obsener. The scalar form of the vector equations (1.1.3) gives:

Hy = 0; @E=@ = | ikHy; @Ex=@ = ikH;

As is seen from below, the change of the sign before i! t is equivalent to the substitute of
the complex values obtained below for the complex conjugates. Note, that in a number of
studies, including the widely known book "Principles of Optics" by M. Born and E. Wolf, the
exponential factor takesthe form of exp(j i! t). Sothe complex refractiv e index in that book
has a positiv e imaginary part.
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@=@ i @y=@ = k(2)Ex;
@,=@=0 @y=@=0 (1.1.4)

The st equation shaws that the magnetic vector has only Hy, and H,
componerts di®erert from 0. Thus, the magnetic vector lies in the yz-plane,
i.e., in the incidenceplane. It is an evidenceof the crosswise eld of the plane
electromagnetic wave, with the electric, the magnetic and the wave vectors
forming the right-hand triple. It follows from the two other equationsthat the
magnetic vector, hence, the electric vector, as well, depend only on y and z.
Substituting Hy and H, from the secondand third equationsinto the fourth
one, we obtain:

@EZ + @Ex
@ @?
Let us apply the variable separation method to the equation, in other words
let us seekits solution in the form:

+ k?§2)Ex = O (1.1.5)

Ex(y:2) = u(z)g(y):

By substituting this expressioninto (1.1.5), dividing it by u(z)g(y) and sep-
arating the variables, we obtain



1 d¢_ 1 du :
P — == — —— + k=™ : 1.1
LSy a2 - uz) dz 2)u(2) (1.1.6)
It follows from this equation that both its parts can depend neither on y

or on z and, by this very fact, are equal to a certain constart value. This
constart will be further determined from the condition of the "eld excitation
by an incident plane wave. For the time being, it is corveniert to assumeit
equal to k?®?, where k is the wavenumber of the incident wave, and ® is a
value undetermined so far. Then we obtain the following equation for the g(y)
function from (1.1.6):

d’g

— =+ K2 =0 1.1.7

a2 ®g(y) =0 (1.1.7)

Let us selectits solution in the following form:

a(y) = exp(ik ®y):

This presenation doesin no way a®ectits common character, asthe numer-
ical constart placedin a general casebefore the exponertial, can be included
into the u(z) function and the sign of ® has not yet beendetermined. SOEy is
written down in the following form

Ex(y:2) = u(2) exp(ik ®y):

It follows from the secondand third equationsof the system(1.1.4) that Hy
and H, have a similar type of dependenceony. Then, we obtain from the third
equation the following:

Hz(y;2) = ®u(z) exp(ik ®y):

Assume

Hy = i A(z) exp(ik ®y):

Thus, the vector functions E and H are written down as

E = fu(z2);0; 0gexp(ik ®y);
H = f0;i A(2); ®u(z)gexp(ik ®y): (1.1.8)

Herethe rst, the third, the fth and the sixth equationsofthe system(1.1.4)
are satis'ed. The remaining two equations provide a system for determining
the u(z) and A(z) functions. By substituting the above expressiongfor the “eld
componerts into the equations and reducing them by exp(ik ®y), we obtain

du . dA £ o
o ik A i ik 2)i & u (1.1.9)

The equations (1.1.9) are valid for the "eld at every cortinuity points of
complex permittivit y *(z), i.e., everywhereat the " and %continuity points. At
the " and %adiscretion points, i.e., at the boundaries of the layers tangertial
componerts of the E and A ought to be cortinuous. The E and H tangertial



componerts are equal to u(z) exp(ik ®y) and - A(z) exp(ik ®y). Sincethe conti-
nuity conditions ought to be satis ed at the layer boundary at any y value, it
follows, then, that the y-dependencein any layer, in the outer space,and in the
substrate is the same,while the u(z) and A(z) functions are corntinuous at the
boundariesof layers.

Let us now determine the constart ®. The eld of the incident plane wave
can be presened as?

E= Eaexp(j iRe+ il t):

Here E, is the "eld amplitude, K is the wave vector of the incident wave,
is the coordinate vector of the obsenation point.

Ina homogeneougsotropic medium featuring ", permittivit y, the wave vec-
tor is equalto K = k' ",T, whereT is a unit directing vector. Let the incident
wave spreadin the direction shaowvn in Fig. 1.2. Then the directing vector is

T=10;i sin®,;j C0S°40;

and the incident wave "eld dependson the coordinates in the following way:

E=E, exp[ikp Ta(zcos®, + ysin®y) + il t]:
Hence, we obtain

®= P sine,: (1.1.10)
This equation represens the Snell law. Actually, a is the samein all layers,
the outer space,and the substrate. But in the latter ® = P "ssin®s and so
P sine, = Prosines: (1.1.11)
The Snell law (1.1.11) is valid also in caseof absorbing substrate. In this
casecomplex permittivit y "%, should be substituted into (1.1.11) instead of ".
The °5 angle in this casewill also be complex, which, in the physical sense
implies a non- coincidenceof the plane of the constart wave phasewith that of
the constart wave amplitude.

The P-polarization case. Now the H vector hasonly H, componert di®erert
from zero, and the E vector hastwo Ey and E, componerts. The vector equa-
tions (1.1.3) written in the scalarform give the following system of equations:

@G.=@i @Gy=@ = i ikHy; G.=@ = 0; @E,=@=0; (1.1.12)

Ex = 0; =@ = ikl'L(Z)Ey; @=@ = i k{2)E;:
Similar to the S-case,we establish that the "eld componerts depend only

ony and z and the y-dependencetakesthe form of exp(ik ®y). Let usrepresett
Hyx as

2The selection of the sign preceding iR+ is determined by the selection of the sign before
il t. The plane of the constant phase ikrj !t = const spreads with time in the direction of
the vector K.



Hx(y;2) = A(z) exp(ik ®):
From equations(1.1.12) it follows that
e ® -
Ez(y;2) = i '*(Z)A(Z) exp(ik ®y):

It is corveniert to represen E, as

Ey(y;2) = u(z) exp(ik ®y):
Thus, the E, H electromagnetic eld in the P-caseis written down as

( )
E= 0u(2);i EA(z) exp(ik ®y);
"(2)

H f A(z); 0, 0Ogexp(ik ®y): (1.1.13)

Substituting the eld componerts into the rst and the fth equations of
the system (1.1.12) and reducing it by exp(ik ®y), we obtain the equations for
the unknown functions u(z) and A(z)

% =ik 1j f(@; A 3—':: ik*(z)u: (1.1.14)

Likein the previous case the equationsarevalid at " and %cortin uity points.
At the boundaries of layers, the u(z) and A(z) functions cortinuity as well as
the ® constancy follow from the continuity of the “eld tangerntial componerts.
Constarnt ®, asis easily seen,is still determined from the equation (1.1.10).

We will regard equations (1.1.9)-(1.1.14) as principal relations describing
the "eld in the layered medium. Field E, A is determined from the solutions of
these equationsaccording to the formulas (1.1.8), (1.1.13)

Note, that in caseof normal incidence,i.e., when ® = P "3 sin°, = 0, equa-
tions (1.1.9) and (1.1.14) for S- and P-componerts of the "eld coincide.

1.1.2 Amplitude transmittance and re°ectance of the lay-
ered medium

Now let us try to obtain general expressionsfor the transmittance and re-
°ectance of a layered medium. Here, we will again consider S- and P-
polarization cases.

The S-polarization case. Equations (1.1.9) are alsovalid for the outer space
and the substrate. In the outer space”(z) = "4 and from (1.1.9) we obtain a
simplest secondorder equation for u(z):

U e @us o 1.1.15
@"' ai Ju=0: (1.1.15)
Assume
P _ P

= "ai ®="T",c08%,:
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Equation (1.1.15) has two linearly independert solutions: exp(j ikg,z) and
exp(ikg,z). Selecting exp(i! t) as the time exponertial factor, the rst one
corresponds to the wave spreadingin the positive direction of the z-axis while
the other onerepresets the negative direction of the wave propagation along the
z-axis. So, for the selectedcoordinate system, dependenceof the incident wave
“eld on z takesthe form of exp(ik g,z), while the re°ected wave "eld dependence
looks as exp(j ikg,z). For the incident wave it follows from the “rst equation
in (1.1.9) that A= quu, while for the re°ected wave we obtain A= j gau.

Let us designatethe coordinate of the outer spaceboundary asz, and denote
amplitudes of tangential componerts of the electric vector of the incident and
re°ected wavesat this boundary asEa and Er. Thus, for the incident wave

U(Za) = Ea;  A(Za) = thEa;
and for the re°ected wave

U(za) = Er; Aza) = | GER:

Similarly, designating Et the tangertial componert of the electric vector of
the transmitted wave at the boundary with substrate we have

u(0) = Er; A@0) = Er;
where

p
= "si ®= p'?cos%,:
Amplitude transmittance and re°ectance are introduced for the S-
componert of the "eld as follows

t= Er=Ex; r = ER=Ea:

The amplitude coezxcients do not change with proportional changesof the
amplitudes of the incident, re°ected and transmitted waves. So, the “elds can
be normalized with respect to the amplitude of the transmitted "eld. Then Et
is equal to 1.

The equations (1.1.9) solutions do not only depend on z, but also on the
wavenumber k. So, further we will take them down as u(z; k); A(z; k) pointing
out their dependenceon the wavenumber k aswell as on the coordinate z.

The continuity of the u and A functions at the boundary with the substrate
leadsto the followings initial conditions for equations

u(o; k) = 1; A(O;K) = 0s: (1.1.16)

The "eld at the outer boundary of the layered media z, asthe sum of the
incident wave and the re°ected wave "elds. So, the continuity conditions for u
and A at the outer spaceboundary and the above relations for the incident and
the re°ected elds amplitudes lead to:

U(Za;k) = Ea + Er; A(Zaik) = Gu(Ea i ERr):

These relations allow to expressamplitudes of the incident and re°ected
“elds through the solution of system(1.1.9) with the initial conditions (1.1.16):

11
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_ BUZaK) i Azaik). L GU(Zark) + AZaik),
R 2% ’ A an .
Note, thesewill be Er and Ea valuesfor E+ = 1. This immediately leads
to expressionsfor the amplitude transmittance and re°ectance. They depend
on the wavenumber k and are determined from

= 2k : _ GU(Za;K) i A(zaiK) .
- OaU(za; k) + A(Za; k)' r(k) = 0aU(zZa; k) + A(Za; k) (1.12.17)

Thus, normalizing the "eld with respect to the amplitude of transmitted
wave allows to bring amplitude re°ectance and transmittance calculations to
“nding the solution of the di®erertial equations(1.1.9) with the initial conditions
(1.1.16). Wewill discussin detail the calculating aspectsof the technique a little
later. Meanwhile, we will considerthe P-componert of the "eld

t(k)

The P-polarization case. From equations(1.1.14) for u(z) in the outer space
we again obtain equation (1.1.15). So, in the P-case,similar considerationson
dependenceof the incident and the re°ected waveson z asin S-caseare valid.

So, for the incident wave

p
u(z) » exp(k "aj ®2);

while for the re°ected wave

p

u(z) » exp(j ik "ai ®?2):
Taking this into accoun, we ol:gtain from the secondequation of the system
(1.1.14) that for the incident wave A = g,u, while for the re°ected oneA= j dyu,

where the value g, is now determined as
" p L L
= P a = a.
&= P "I ®@ C0s°,

Similarly, for the transmitted wave A= gsu, where

" p m
S
=y s = :
&= P " @ oS’

Like in the S-case,we will determine the amplitude transmittance and re-
°ectance through the amplitudes of the tangential componerts of the electric
vector of the incident, re°ected and transmitted wavesEa, Er and Et, respec-
tively. In accordancewith (1.1.13) and the equations connecting the u and A

functions in the outer spaceand the substrate, we have for the incident wave

U(za) = Ea;  A(Za) = tuEa;
for the re®ected wave

u(za) = Er; A(Za) = | GERr;
and for the transmitted wave

u(0) = Er; A(0) = Er:

12



Let us again normalize the “elds with respect to the transmitted wave am-
plitude, assumingEt = 1. Let u(z;k); A(z; k) be solutions for system (1.1.14)
in the layered medium. The u and v functions continuity at the boundary with
substrate leadsus to the initial conditions for system(1.1.14) in the form:

u@k) =1 AOK) = o
which looks like initial conditions (1.1.16). However, the value gs, is calculated

from another formula for the P-case(seeabove). The cortinuity condition at
the boundary with the outer spaceimplies that

u(za;k) = Ea + Eg; A(Za;K) = qa(Ea i ER):

Expressing Ex and Eg with the help of u(za;k) and A(z,; k), and taking
accourt of Ey = 1, we again obtain (1.1.17) for the amplitude transmittance
and re°ectance.

So, the calculation of amplitude coexcients in the P-casealsocomesdown to
the solution of di®erertial equations(in this instance, it is the system(1.1.14)).

Let us considerformulas (1.1.17) in greater detail. Note, that they solve the
problem of calculating amplitude transmittance and re°ectance for the layered
medium of arbitrary type, either consisting of homogeneoudayers or the one
consisting of inhomogeneoudayerswith continuousor discretely contin uousdis-
tribution of parameters. The layered medium can be absorbing. The substrate
can also feature absorbing properties, in which casethe gs value in the initial
conditions will be complex.

Let us alsonote, that sofar, most works employ the following technique for
calculating the amplitude transmittance and re°ectance for the optical coat-
ing with inhomogeneouslayers. The inhomogeneouslayers are broken into a
great number (sometimes as many as thousands) of homogeneoudayers, ap-
proximating a smooth curve of the parameter distribution. Then the amplitude
coexcients are calculated by way of recurrent formulas (seesection 1.2). This
technique is in no way obligatory since any modern computer has standard
software for di®erertial equations systemssolutions. It is erroneousto believe
that employing recurrent formulas here prove to be more time-excient. In fact,
the situation is reverse. Any recurrent formulas require numerous calculations
of trigonometric functions or of the complex argumert exponertials, which, in
their turn, result in a signi cant number of arithmetic operations. At the same
time, standard software for di®ererial equations systemsemploy but simplest
arithmetic operations. They are all optimized in time-consumption. Employing
di®erertial equations (1.1.9), (1.1.14) for calculating the amplitude transmit-
tance and re°ectance of the optical coating with cortinuously changing param-
etersis also preferable from the point of view of the calculation precision. The
step-like approximation of the parameters allow only the “rst order precision
in calculations. At the sametime standard software for di®ererial equations
systemsemploy methods of the fourth and higher order of precision.

Systemsof equations (1.1.9), (1.1.14) also allow to calculate the "eld distri-
bution in the layered medium with an arbitrary dependence*(z).

In order to calculate the amplitude coetcients of the medium consisting
of homogeneoudayers, various recurrent calculating techniques are preferable.
They will be consideredin the next section of the chapter.

13



For the purpose of convenience,let us congregateall the results obtained
above. The amplitude transmittance and re°ectancein the S- and P-casesare
calculated as

2% _ . r( ) - Oﬁu(za;k) | A(Za,k)
ChU(Za; k) + A(Za; k)’ uU(Za; k) + A(za; k)’

where u(z; k); A(z; k) functions are solutions of the di®ereriial equationssystem
(1.1.9)

t(k) =

du . . dA £ @
e ik A; i 2)i @ u
in the S-case,and the di®eretial equationssystem (1.1.14):
du . . @& dA .
el ik 1j =2) A e ik™~(x)u

in the P-case.
The initial conditions for the di®erertial equations are set at the boundary
with the substrate as

uO;k)=1;  A0;K) = g:
The ®; ¢y; ¢ parametersare calculated from:
®= prZsin°a;

p— p—
= "ai ®; &= "si @ in the Sj case

p p
= "a= "ai ®; G="s= "si ®; in the P case:

In many casesit is more conveniert to employ the concept of the refractive
index than that of the permittivit y of the optical medium. The permittivit y "
is connectedwith the refractive index n through the equation

"= 2

If it is an absorbing medium, its refractive index, like its permittivit y, is
complex. We will alsodenoteit with a wave line over the symbol.
Thus, for the generalcase

Y2) = W(2):
Let us introduce the refractive indices of the outer spaceand the substrate
asny =" " and ng = " " respectively. Value of ® can now be expressedas

®= nysin®y;

and the Snell law can be put down as

NaSiN°s = NgSin®s:

14



The gu and g5 parameters are also conveniertly expressedthrough corre-
sponding refractive indices and wave propagation angles®, and °s. Simplest
arithmetic operations and the Snell law application permit to obtain

Oy = Ny COS°y; 0 = ngcos’s; in the S| case

Oh = Na=C0S°y; s = hg=cos’s; in the P case:

1.1.3 The Fresnel form ulas

The results of the above considerationsallow to easily obtain the Fresnelformu-
las for the amplitude transmittance and re°ectance for the boundary between
two media. Assumez, = 0, then the layered medium under consideration will
be reducedto the boundary betweenthe outer spaceand the substrate. Here
Uu(za; k) = u(0; k) = 1;A(za; k) = A(0; k) = g5 and the following expressionsare
obtained for the amplitude coezxcients:

- %% %G,
G+ G G+ G
Substituting 0a; g5, expressedhrough refractive indicesof the mediaand the
wave propagation angles,we obtain

2N4 COS° 4 ] [ = 2N, C0S°; | NgCOS°g
N, COS° 5 + Ng COS°g’ N4 COS°,; + Ng COS°¢
in the S-case,and
2N, C0S°¢ ] _ 2naC08°s | NsCOS®,
N, COS°s + Ng COS®;’ Na COS°g + Ng COS° 4

in the P-case.

Those are, in fact, the Fresnel formulas for the amplitude transmittance
and re°ectance for the boundary between the media featuring the n, and ng
refractiveindiceswhenthe incident wave comesfrom the medium with refractive
index ny at the incidenceangle ;.

Note, that very often, the formula for the amplitude re°ectance in the P-
caseis written down with the opposite sign. This result can be obtained if
in both casesthe amplitude re°ectance is determined as the ratio of the eld
componerts perpendicular to the plane of incidence (being the electric vector
componerts in the S-case,and the magnetic vector componerts in the P-case).
We, however, determined the amplitude re°ectance as the ratio of the tangen-
tial componerts of the electric vector for both cases. It seemsa more proper
way sinceit will eventually lead to coincidenceof both amplitude re°ectance
expressionsat the normal incidenceof light when the di®erencebetweenthe S-
and the P-componerts disappears.

1.1.4 Other ways of determining amplitude transmittance
and re°ectance of the layered medium

In a number of cases,other ways of determining amplitude transmittance and
re°ectance are preferable for the purposeof calculation and analytical investi-
gation of their properties.
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In caseof a non-absorbingmedium or when the amplitude re°ectance alone
is suxcient for further use, it is corveniert to employ a di®ererial equation
for a direct determination of rk. Let us introduce the so-calledlocal re°ection
function

®(z:K) i AZ:K) .
®(z;K) i Az K)

Here u(z; k) and A(z; k) are solutions of equations (1.1.9) or (1.1.14) for the
S- and P-cases,respectively. In the r(z;k) function argumerts we, like in the
casesabove, reveal its dependenceon the wavenumber k. As is seenfrom the
de nition and formulas (1.1.17), the physical meaning of the local re°ection
function is revealed as follows. It givesthe amplitude re°ectance of the part
of the layered medium con ned within 0 and z coordinates on condition that a
homogeneousouter spacefeaturing ", permittivit y is found in the areato the
right of z. It is evidert that with z = z, the local re°ection function coincides
with the amplitude re°ectance for the whole of the layered medium:

r(z;k) = (1.1.18)

r(k) = r(za; k):

By di®erertiating expression(1.1.18) and employing equations (1.1.9) and
(1.1.14), we obtain after a few non-complicated operations for the S-case
% Ya

. £ g
oK i 2 é Y2)i @ (1+71) (11.19)
and for P-case
Lt
dr _ ik _ 2. {2) 2 .
=5 & Li @ (Li r?i E(“r) : (1.1.20)

We obtain the initial conditions for these equations assumingz = 0 in
(1.1.18) and employing the initial conditions (1.1.16) for u and A Here, for
both polarizations

Gai G,
G+ G

but, like before, g, and g5 di®er for the S- and P -cases.

Equations (1.1.19), (1.1.20) are Riccati-t ype nonlinear di®erertial equations.
However, from the point of view of their numerical solution it involvesno further
dixculties comparedto the linear equations (1.1.9), (1.1.14) solutions. On the
cortrary, if only the amplitude re°ectance is suzcient, it is preferableto use
equations(1.1.19), (1.1.20) asit involvesonly one complex equation for solution
(or a system of two real) rather than a system of two complex equations (or
four real ones), like in the caseabove. As to the rest, the general remarks we
made at the end of 1.1.2 subsection,remain valid here.

In this way we cantry to obtain the "lo cal amplitude transmittance" equa-
tion. Howewer, it is not worthwhile asno independert equation can be obtained
for t: besidest it will also include the r-function of local re°ection. So, if it
becomesnecessaryto determine the amplitude transmittance, it is reasonable
to usesystems(1.1.9), (1.1.14) directly.

r(0;k) =
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1.1.5 Transmittance, re°ectance and absorptance

The magnitude and the direction of energy°ow for the harmonic wave is deter-
mined by the time-averagedPoynting vector. It is found from the formula (see
Born and Wolf, 1959):
c N ni
S= 81/4Re EAR® :

The asterisk here is a symbol of complex conjugation, the square brackets
denotethe vector product. The energy°ow alongthe normal toward the layered
medium is determined by the 2-componert of the Poynting vector. We obtain
from (1.1.8), (1.1.13) for the S- and P-cases that

C <
S, = 8—1/4Re(| uA) : (1.1.21)

Assumeagain, that EA, ER and ET are amplitudes of the tangertial com-
ponerts of the electric vector of the incident, re°ected and transmitted waves.
For the incident wave u(za) = Ea;A(za) = WEa at the outer boundary of
the layered medium. So, in compliance with formula (1.1.21) for the incident
wave, the energy °ow along the normal toward the layered medium at the outer
boundary is proportional to

i RefagjEAj:

The negative sign here indicates that the energy propagatesin the negative
direction of the -axis. Similarly, taking into accourt that for the re°ected wave
u(za) = Er;A(za) = Egr, we obtain the energy °ow for the re°ected wave
along the z-axis which is proportional to

Ref.gjErj?:

The re°ectance of the layered medium is determined asthe ratio of absolute
valuesof these °ows and is, evidertly, equal to

[N

—Er
Ea
wherer is the amplitude re°ectance.

Similarly, we 'nd that the transmitted wave energy °ow along the z-axis is
proportional to

R = i iri%; (1.1.22)

i RefggjErj?:

The transmittance is introduced as a ratio of the absolute value of this °ow
to the absolute value of the energy °ow of the incident wave along the z-axis,
and thus is equal to

_ Reg EE;EZ _ Reg

. .2.
Req Ex Rechjtj ; (1.1.23)

where t is the amplitude transmittance. In the caseof non-absorbing outer
spaceand substrate Req, = 0,; Req = .
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Alongside with the transmittance and the re°ectance, absorptanceA is in-
troduced. It is determined as a part of the incident wave energy absorbed in
the layered medium. The energy consenation law results in the equation

A=1; Rj T:
Let the incident light be linear polarizedin the plane having an angle A with

the incident plane. In this casethe re°ectanceand transmittance are determined
from the formulas

R = Rssin? A+ Rp cog A; T = Tssin? A+ T, cod A; (1.1.24)

where Rs; Rp; Ts; Ty are re°ectances and transmittances for the S- and P-
componerts of the "eld. In the caseof non-polarized incident light, expression
(1.1.24) is averagedwith respect to the A angle. As a result, we obtain

R = %(RS + Rp); T= %(Ts + Tp): (1.1.25)

1.2 Principal recurren t metho ds for calculating
layered media spectral coezcien ts

When solving various problems in multilayer optics "eld, we assumein most
casesthat a layered medium consists of a nite number of homogeneousand
isotropic layers. In this casein order to determine the amplitude transmittance
and re°ectance, it is conveniert and excient mathematically to employ vari-
ous recurrent calculating techniques. Depending on the speci ¢ problem to be
solved, a speci ¢ technique is preferred. Mastering various methods expands
one's concept of the properties of multila yer coatings. The application of these
methods will further permit to obtain a number of signi cant conclusionsfor
analysis and synthesis.

1.2.1 Matrix calculating metho d

The matrix method for calculating spectral coetcients of the layered media
was rst suggestedby F. Abeles (1950) and has been widely employed ever
since. The results of the previous section allow to provide hereits very simple
preseration.

Let us assumea multilayer coating consisting of a nite number of homo-
geneousand isotropic layers (see Fig. 1.3). The gure shaws that the same
orientation of the z-axis with respect to the outer spaceand substrate asin the
previoussectionis maintained. Let the total nhumber of the layersbe equalto m.
We will number the layersin the direction from the substrate to the outer space
and denote their right boundariesas z;;z,;:::. Thus, z,, = z,, where z, is a
coordinate of the outer boundary of the coating (at the sametime z, is a total
geometrical thicknessof the multila yer coating). Let us denote the geometrical

Ry Ro; .. Let us also denote the refractive indices of the substrate and of the
outer spaceasns, and n,, respectively. The substrate refractive index may also
be complex, thus the substrate can be absorbing. When ewlving the formulas
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of the preceding section, it was conveniert to usethe complex permittivit y of
media. The complex refractive indices employed here are connectedwith * by
the equation

As was shawn earlier, the amplitude transmittance and re°ectance can be
determinedin generalcasesy formula (1.1.17) using the solutions of the system
of di®ereriial equations (1.1.9) in the S-caseand (1.1.14) in the P-case. We
will keepin mind that within ead homogeneoudayer, the solutions for these
equations are written out explicitly. Let us ‘rst considerthe S-componert of
the "eld. Equations (1.1.9) in the j-th layer are written down as follows:

du _ . dA _ . . _
e ik A; i ik (Y| @)u: (1.2.1)
Ny

Substrate

|

m  Quter space

2
(.

s

S

|

|

3

ZO=O Zl Zj_l Zj Zm—l Zm=Za

Fig. 1.3: Multila yer coating including m homogeneoudayers

From (1.2.1) we obtain the following di®erertial equation of the secondorder
for u:

d’u 202 @)U = O
P + k(R i Ju=0: (1.2.2)
It is conveniert for further calculations to introduce the wave propagation

anglein the j-th layer and denoteit as®;. It comesfrom the Snell law
Rj SiN°j = ®= Ny sin®,: (1.2.3)
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Note, that °; is a complex value in the absorbing layer. Taking accourt of
(1.2.3), equation (1.2.2) can also be written down as follows

d’u °\2, =
a2 + (krj cos®j)“u = 0: (1.2.4)
Equation (1.2.4) hastwo linear independert solutions.lt is corveniert to put

them down as

ui(z) = coslkr; cos®j(zi z; 1)];
uz(z) = sin[krj cos®j(zi zj; 1)]

with zj; 1 being the left boundary of the j -th layer.
The generalsolution of equation (1.2.4) is their linear conbination:

u(z) = cpcoslkrj cos’j(zi z; 1)] + csin[kr; cos®j(zi zj; 1)]:

Assuming z = z;; 1, we nd ¢; = u(z;1). Di®erertiating with respect
to z and assumingagain z = zj; 1, we obtain kr; cos®jc; = uqz; 1) or taking
accoun of the “rst equationin (1.2.1), we obtain ¢, = i/‘-\(z,—i 1)=h;j cos®;. Thus,
the solution of equation (1.2.4) in the j -th layer takesthe form

u(z) = u(z; 1) coslkny cos®j (zi z; 1)]*+iA(z; 1) sin[krj cos®j(zi zj; 1)] =R COS°;:
(1.2.5)
Di®erertiating u(z) function and substituting its derivative into the rst
equation of (1.2.1), we obtain

A(z) = iRj cos®ju(z; 1) sin[krj cos®j (z i z; 1)]+A(Z; 1) coslkrj cos®j (zi zj; 1)]:
(1.2.6)
Assuming z = z; in (1.2.5) and (1.2.6), we obtain the equations

u(z) = u(z; 1) cos' j + (=g )A(z; 1)sin’ j;
u(z) = igju(z; 1)sin’ j + A(zj,; 1) cos' j; (1.2.7)

where the following designationsare intro duced:

1 - o . —_ . . —_— O .
i = krj cos®jd;; d =1zi z;1; g = Ry cos’j:

The ' ; is known as an angular phasethicknessof the j -th layer.
Equations (1.2.7) can also be written down in the matrix form

o TR T T |
u _ cosj (i=g)sin'; " u (1.2.8)
A, igj sin’ cos' | ey o
| —4i 1l
The matrix introducedin (1.2.8), i.e.,
TR 029
] j i

is referred to asthe characteristic matrix of the j -th layer. According to (1.2.8),
it allows recalculating the "eld from one boundary of the j -th layer to the other
one.
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Sincethe u; A functions are cortin uousat the boundariesbetweenthe layers,
we can recalculate the "eld from its boundary with the substrate zo = 0 to the
boundary with the outer spacez,, = z, making useof the characteristic matrices
and formulas (1.2.8). In fact, by doing so,we nd a solution of the di®ererial
equationsfor the "eld in the layered medium. So, we obtain

uuﬂ H uﬂ
- A
Z=12Z, z=0
The product of the characteristic matrices of the layers
M=MuMnp;1:::Mq (1.2.11)

is known as the characteristic matrix of the multila yer coating. Let us denote
its elemeris m;; :

il

mi1 M1
M1 Mo

M =

Mind that the co-factorsin (1.2.11) are takenin the direction from the outer
spacetowards the substrate.
Formulas (1.1.17) for the amplitude transmittance and re°ectance include
special solutions of the di®erertial equations systemfeaturing initial conditions
u(0;k) = 1; A(;K) = g; (1.2.12)
where ¢ = P "si ® = ngcos’s. The characteristic matrix of a multilayer
coating allowsto "nd thesesolutions. Substituting the initial conditions (1.2.12)
into the right part of (1.2.10) we obtain
U(Za;K) = myg + Mya0s;
AV(Za;K) = May + MpGk:

Substituting thesesolutions then into (1.1.17), we nd that

t(k) = 2% : (1.2.13)
GaMi1 + GsMo2 + GaGsMi2 + M2y
(k) = ChMag i OsM22 + GaGsMaz | Mog (1.2.14)

OaMa11 + GsMap + GaGsMap + Mop’

_ P _ o
whereg, = "aj ® = n,cos°,.

These expressionsgive the "nal formulas of the Abelesmatrix method. In
order to usethem for calculating the amplitude transmittance and re°ectance
it is necessaryto calculate characteristic matrices of the layers and nd their
product (1.2.11) which is the characteristic matrix of the multila yer coating.

In the P-polarization case, similar manipulations result again in formulas
(1.2.13), (1.2.14) for amplitude transmittance and re°ectance. The only di®er-
encehereis the fact that the g valuesin the characteristic matrices of the layers
(1.2.9) are determined in P-caseby the equationsq = ry=cos®;, while ¢; 0,
in (1.2.13), (1.2.14) are equal to ng=cos°s and n,=co0s°,, respectively.

The transmittance and re°ectance are determined through amplitude coef-
“cients in accordancewith the formulas:
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- Gs . i2. — iril.
T= =t y R = jrj<:

For the sake of the user'scorvenience,Table 1.1 preseris parametersincluded
into calculating formulas (1.2.9), (1.2.13) and (1.2.14). The anglespreseried in
Table 1.1 are determined from the Snell law:

NsSiN®s = Ry SiN°j = Ny SiN°,;

where °, is the angle of incidence (a given value).

% G ] j
S-case| NngCOS°g N, cos®, Rj COS°; " = krcos®; d;;
P-case| ns=co0s°s | Nz=C0S°; | R;=COS’; k= 2Vs,

Table 1.1: The calculation formulas parameters

With absorption abser, the refractive indices, °; - angles,and all the param-
eterspreseried in Table 1.1 arereal. Sothe elemerts on the principal diagonals
of the characteristic matrices of the layers will be real, while those on the sub-
sidiary diagonalswill be imaginary. By multiplying the matrices it is easyto
ched that the characteristic matrices of the coating will feature the sameprop-
erty. Thus, the rst two items in the denominator of the expressionfor t are
real, while the two others are imaginary. It meansthat the transmittance for a
non-absorbing coating may be put down as:

= 4060 :
(GaMig + GsM22)2§ (Mag + GaGsMi2)?’

The negative sign here compensatesthe square of the imaginary unit in-
cluded into the secondbrackets in the denominator. There is no need for a
separatere®ectance formula, asR = 1j T.

The matrix method permits an easycalculation of the electromagnetic eld
distribution in the layered medium. Formulas (1.2.5) and (1.2.6) determine the
tangential componernts of the electric and magnetic vectors of the S-componert
of the "eld at somearbitrary point of j-th layer. Similar formulas exist for the
P-componert of the "eld. Togetherthey can be presened in the common form
as:

u(z) = u(z; 1) coslkrj cos®j (z i z; 1)]+(i=q)A(z; 1) sin[krj cos°j(z i z; 1)];

A(z) = igju(zj; 1) sin[krj cos®j(zi z; 1)1+ A(Z, 1) coslkrj cos®j (zi Zj; 1)]:

In order to calculatethe "eld distribution in accordancewith theseformulas,
it is necessaryto expressu(z;; 1); A(z; 1) through the amplitude of the incident
wave. Let us denoteasE the tangertial componert of the electric vector of the
incident wavein S- or P-cases.Then for the transmitted wave u(0) = tE ; A(Q) =
gsu(0) = gtE. Calculating the "eld with the help of characteristic matrices of
the layersonto the boundary z = z;; 1, we will obtain the sough for expression:

H |l V|
uzi; 1) _ .. 1 :
Az 1) © Mj; 1:::My @ tE
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1.2.2 Description of optical coating and presentation of
calculation results

The geometrical thicknessesof the layers and the wavelength | enter the cal-
culation formulas for r and t only in combination kd = 2%d=,. This means
that a simultaneous proportional change of the thicknessesof all layers and of
the wavelength do not change the values of r and t (providing the refractive
indices of all layers remain unchanged). Thus, in a spectral band where the
dispersion of the refractive indices can be neglected, proportional changes of
the thicknesse=f all layersresult in a shift of the re°ectance and transmittance
curvesalong the spectral band. In this connection, when describing the coating
structure, it is corveniert to userelative valuesof layer thicknessegather than
their absolute values.

Most widely recognizedis the way of description where the optical thick-
nessesof the layers n;d; are designatedas fractions of , =4, with , o being a
certain basic wavelength. Let, for instance, a coating be a two-componert one,
consisting of alternating layers featuring high ny and low n_ refractive indices.
Considerthe example of writing down structure of such a coating:

4SHO:5L2H L:

Number 4 on the extreme left shaws the total number of layersin the given
coating, the following letter S standsfor the substrate. Then there is a consec-
utive list of the optical thicknessesin the direction from the substrate to the
outer space.The letters H and L referto the layershaving the refractive indices
of ny and n_, respectively. The numerical coetcients before them shaw the
optical thicknessesof the layer as fractions of , p=4. If a coexcient is absen,
the corresponding layer has a quarter-wave optical thickness. Thus, the coating
described above has the “rst layer featuring the refractive index ny and the
optical thickness0:25, o, the secondone has the refractive index n. and the
optical thickness0:125 g, the third one features the refractive index ny and
the optical thickness0:5, o, while the fourth one hasthe refractive index n. and
the optical thickness0:25, .

The structural description is accompaniedby indication of refractive indices
for the substrate and the layers, for instance: ng = 1:52,ny = 2:00;n. = 1:45.
A lack of any mertion of the outer spaceprovesthat the outer spaceis the air.
If the outer spaceis preseried by a di®erent substance,its refractive index is
speci ed.

If re-iterated groupsof layersoccur in a coating, the number of reiterations is
usually revealedasthe power index and the re-iterated group is put in brackets.
For example the two descriptions below are equivalent:

9SHLHLHLHLH  and  9S(HL)*H:

When a coating has layers of three or more di®erert materials, additional
designationsare introduced: M;A;B;:::::.. The letter M is usually used to
designatethe layers with the refractive index lying betweenny and n, .

The basic wavelength , ¢ is not necessarilyspeci ed in the description of
the coating structure. The spectral curvesof the transmittance and re°ectance
can be corveniently preseried asa dependenceof =, o or , g=,. Substituting a
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speci ¢ value of | o we determine the thicknessesof the coating layers and the
spectral band where it will be valid.

Let us considera sewenteen-layer dielectric narrow bandpass Tter featuring
the 17S(HL)*2H (LH )* design as an example. The refractive indices of the
substrate and the layers have the following values: ng = 1.52Ry = 2.3
i0:0002 A = 1:35j i0:0002. Thus, the materials of the layersare low absorbing.
The calculation results for transmittance, re°ectance and absorptanceare given
in Table 1.2. The Table 1.2. provides both a relative scaleof wavelengths .=, o
and that in nanometers,corresponding to , o = 500nm.

M| = o | T,.% | R, % | A %
480 | 0.960| 0.146 | 99.721| 0.133
485 | 0.970| 0.238 | 99.616| 0.146
492 | 0.984| 0.780 | 98.982| 0.238
497 | 0.994| 5.196 | 93.786| 1.018
499 | 0.998 | 31.286| 63.049| 5.665
500 | 1.000 | 83.401| 1.597 | 15.002
501 | 1.002 | 31.429| 62.827| 5.744
503 | 1.006 | 5.312 | 93.624| 1.064
508 | 1.016| 0.829 | 98.917 | 0.254
515 | 1.030| 0.264 | 99.585| 0.151
520 | 1.040| 0.165 | 99.702| 0.133

Table 1.2: Transmittance, re°ectance and absorptance of the seweneen-
layer narrow bandpass Tter: 17S(HL)*2H (LH )* with ng = 1:52 /4 = 2.3
i0:0002 . = 1:35; i0:0002

1.2.3 Recurren t formulas for the amplitude transmit-
tance and re°ectance

Let us consideranother corveniert method frequertly employed in calculating
the amplitude transmittance and re°ectance.

Let usreturn to formulas (1.1.17) and intro duce, by analogy; "in termediate”
transmission and re°ection coexcients.

2G+1 .
G+1u(z; k) + Az k)’

fo2 QUK i AZ LK),

04197 gL u(z:k) + Az k)

They can be regardedastransmission and re°ection coezcients for the sub-

system of the layers from 1st through j-th, provided the outer spacehas the

refractive index rj.1 . It is corveniert to hold further that the refractive index
with the 0 index coincideswith the refractive index of the substrate:

tj+1:0 =

(1.2.15)

Introduction of orderly arrangedindex pair j + 1;0 in amplitude coexcients
designationsis corvenient becausethe pair simultaneously indicates the refrac-
tive indices of the framing media ( ®;+1 and ng = ns) and the direction of the
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wave propagation (from medium with number j + 1 to the substrate). It will be
natural to mark the outer spacewith number m + 1 and to mark all the values
pertaining to this spaceby the subscript m + 1. For instance, the outer space
refractive index n, will have another designation of np,+1 . Sincein this case

On+i = Ga;

expressions(1.2.15) for tm+1:0;F'm+1:0 Will coincide with (1.1.17) and thus the
following equationswill be valid for the amplitude transmittance and re°ectance
of the whole coating

t=tm+1:0 I'=TI'm+1;0:

Assumingj = 0 and taking accourt of the initial conditions for the u and A
functions at the point zo = 0, we obtain

Qi G,
- 1 1,0 — .

G+ G O + G

Those are nothing elsebut the Fresnelcoexcients for the boundary between
the “rst layer and the substrate. Expressions(1.2.17) set the initial conditions
for the recurrent calculation method. The method itself consistsin consecutive
recalculations of the tj+1.0;rj+1;0 valuesfrom j = 1to j = m in accordance
with the recurrernt formulas connecting these coexcients with tj.o; rj.o.

In order to obtain theserecurrent formulas, let us write out the expressions
for tj.0; 1.0 similar to (1.2.15):

t1;0

ool 29 .
o Gu(z; 1:k) + Az 1K)’
I‘(j,O): qu(zhlak)l A(Zjllyk)

gu(z; 1k + Az k)’
From theseformulas we obtain that

1+rig < 1i rio
Uz k)= 2 Az k) = g
i:0 tj0
Equations (1.2.7) can now be rewritten as
1+r;. 1 rijo L. 1 .. rjo.,
u(z;; k) = "Ocos'j+| ' J'Osm'jz—e' i+ 10T
tj:o tj:o t0 tj0
. . 1+ri0 . 1i ry. li-o .o .
Az ;K) = iq 19 gin' | + g 12 "Ocos'j:q—e'li G0,
to to to to

Substituting these expressionsinto (1.2.15), we will obtain the sougtt for
recurrent formulas. Introducing the Fresneltransmission and re°ection coez-
cients for the boundary betweenthe (j + 1)-st and the j-ih layer for the wave
incident from the (j + 1)-st layer
o 2q +1 o _ 9+ q
Goaj = —— 1 Mg = oo
G+ + G G+ + G

we will write down the recurrent formulas in the following way:

25



415850
€1+ a8 "0

tiv1;0 =

Me1;€ 1+ 108 "1
&0+ rjagrjee f

fj+1;0 =

(1.2.16)
Making recalculations with these formulas employed m times for j =

with (1.2.16) we will determine the amplitude transmittance and re°ectance of
the whole coating.

Note, that the obtained formulas are valid for both polarization cases.The
type of polarization will only determine speci ¢ numerical valuesof the Fresnel
coexcients in formulas (1.2.18) and the initial conditions (1.2.17). For the S-
and P -casesthey are calculated applying the expressionscited in Table 1.1.

Transmittance and re°ectance of the coating as a whole are obtained from
the formulas

T= %jtmﬂ ;sz; R= %jrmﬂ;ojz:

1.2.4 Appro ximate form ulas

Approximate formulas for calculating transmittance and re°ectance of a mul-
tilayer coating are of non-recurrert nature. Due to this fact, they prove to
be corveniert in a number of casesfor analyzing the optical properties of the
coating. Besides, they economizethe calculation time neededto determine
transmittance and re°ectance, which can be quite essetial for coating design.
The precision of the approximate formulas, asis seenfrom the example below,
is suxciently high for many cases. Here we supply but nal results. For the
absorbing m-layer coating the following approximate formula is valid (Delano
and Pegis, 1969):

R Y/
t *D’

where

xn xXn
B=rmam+ Mg 1€xp(i i j); = I
j=1 I=]
y
D=tmsm+ tijiaexp(i ' j):
j=1
All the designationshere have the samesenseasin the previous subsection.
For a non-absorbing coating, re°ectance and transmittance may be approx-
imately calculated from the formulas, provided that there is no total internal
re°ection in any layer:

R ¥ jB?=(jBj? + C); R=T ¥4jBj?=C;

where
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0 1, 0 1,

. .2 Xn J— xr] . p—
Bji®= @rpyy + rjji1cos jA + @ Figiasin A
j=1 =1
¥ 2
C= (1i ri?jil):

j=1
As the re°ectance of the coating grows, the accuracy of the formulas de-
creases.Howewer, in many casesthe results of approximate calculations agree
well with preciseones,up to the value of R ¥ 0:8. Fig. 1.4 suppliesthe calcula-
tion resultsin accordancewith the preciseand approximate formulas for a three-
layer coating featuring the structure 3SHLH ;ng = 1:52,ny = 2:30;n. = 1:38
at the normal angle of incidence. Somespecial types of coatings, such as mul-
tilayer dielectric mirrors, dielectric narrow bandpass Iters may require and get
other approximate formulas, describing their major spectral properties with a
suzcient degreeof accuracy They will be consideredlater in this Chapter.

. //\\\\
40 2 \
N

“ =

Fig. 1.4: Comparative calculation of the re°ectance of the three-layer 3SH LH
coating following explicit and approximate formulas: 1 - explicit formulas, 2 -
approximate formulas

1.2.5 Other recurren t metho ds

Alongsidewith the above, other recurrent methods for calculating transmittance
and re°ectance of multila yer coatings prove corvenien. Let usconsiderherethe
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impedanceand the admittance methods.
Let us introduce impedanceboth in the S- and the P-casesthrough an
equation

Z(z;:k) = u(z; k)=Az; k):

Thus, impedanceis a ratio of the tangential componerts of the electric and
the magnetic vectors.
Admittance is a value reverseto impedance:

A(z; k) = 1=Z(z;k):

Let us note that cortinuity of the tangertial componerts of the electric and
magnetic vector prescribes presupposedimpedanceand admittance cortin uity
at the boundariesof the layers.

Impedanceand admittance at the point z,, i.e., at the outer boundary are
known as the input impedanceand input admittance, respectively. It follows
from (1.1.17) that the amplitude re°ectance can be simply expressedthrough
the input impedanceand admittance:

GZ(Za;K)i 1 _ hi A(za:k).

k) = ®Z(za)+1 G+ A(zak)’

(1.2.17)

It is exactly this that providesa faculty to employ impedanceand admittance
in calculations.

Di®erertial equationsfor impedanceand admittance can be easily obtained
from systems(1.1.9), (1.1.14) for the u and A functions. For impedance,they
take the form of

© £ o @
%: ik 1] 2 & z2 (1.2.18)
in the S-caseand
Yo Y
z _ . . &

in the P-case.
The initial conditions for equations (1.2.20), (1.2.21) follow from (1.1.16):

Z(0;k) = 1=q;: (1.2.20)

Having found the solution of the equations(1.2.20), (1.2.21) with the initial
conditions (1.2.22) (g are di®erent for the S- and P-cases),we can calculate
the amplitude coexcients rs;, (k) from the formula (1.2.19).

For admittance we obtain the following equations:

© a
dA=dz= ik z)j ® A? (1.2.21)
in the S-caseand
Y : Ya

o J— " . . ®2’ 2
dA=dz= ik ~z2)j 1j %) A

(1.2.22)

in the P-case.
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The initial conditions for equations (1.2.23), (1.2.24) take the form of

A0;K) = G: (1.2.23)

In the caseof a multilayer coating, consisting of homogeneoudayers, re-
current formulas for impedanceand admittance are obtained directly from the
formulas of the Abelesmatrix method. Let us designateZ; and A; impedance
and admittance at the boundary of the j-th and (j + 1)-st layers. Dividing the
equations (1.2.7) by ead other, we obtain

z, = Zj.i 1 cos' J-_+‘ (|:qj)5|ln' i ; (1.2.24)
i0jZj; 1sin' j + cos' j

A = iq,- sin'j+Ajilcos'j ) (1.2.25)
P'7 cos' | + (i=g)Aj; 1sin' |’ -

The initial values for equations (1.2.26), (1.2.27) are set by equations
(1.2.22), (1.2.25):

Zo = 1205; Ag = Gs:

The valuesZ,; A, obtained at the m-th step of the recurrent procedurere-
veal the input impedanceand input admittance, and, thus, amplitude transmit-
tance and re°ectance for both casesof polarization are calculated from formula
(1.2.19).

Note that by using valuesobtained in the courseof recurrent procedurethe
amplitude transmittance can be obtained too. Let us seehow it can be made
employing the impedancemethod.

For this purpose,the electromagnetic eld in ewery layer and in the outer
spaceought to be represerted as the sum of the "elds of two waves, one of
which is transmitted in the positive direction of the z-axis, and the other in
the negative one. Let us designatethe complex amplitudes of the tangertial
componerts of the rst one asu*;A", and ui ;A of the secondone. These
amplitudes in the j-th layer are connectedthrough equations:

At =jqu; A =qu: (1.2.26)
The amplitude transmittance, as follows from the de nition, is equalto
t(k) = u' (z0i O;k)=u" (zm + O;K): (1.2.27)

We will obtain a recurrent formula for recalculating u’ "eld componerts
from the left boundary of a multila yer coating to the right one. As follows from
(1.2.28),A= A" + Al = g (ul | u"). Using the equality ui + u* = uwe nd
that in the j-th layer

. 1 N
u = §(U+ A=q) (1.2.28)
The ui "eld componert is not cortinuous at the boundaries of the layers.

At the right boundary of the j-ih layer, th‘at iswhenz = z i 0in accordance
with (1.2.30) and cortinuity of the u and A functions -

U (31 0= SAZKIZ + 1=g]
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Similarly, at the left boundary of the (j + 1)-st layer, that is at the point
z=z+0

) 1.
ui (z + Ok) = EA(ZJ- K)[Z) + 1=q.1

From thesetwo equationswe nd how the ui "eld componert changeswhen
crossingthe boundary of the j -th and the (j + 1)-st layer:

Zj + 1=

u (z + 0;k) = u' (z i 0k) Z + 1=q
J =

(1.2.29)

In the j-th layer, a wave transmitting in the negative direction of the z-
axis takesa dependenceon z in the form of exp(ik /; cos®;z). Sothe following
equation is valid in the j-th layer

ui (zi 0;k) = ui (z; 1+ Ok)e i: (1.2.30)

Applying alternatively formulas (1.2.31) and (1.2.32), we can express
ui (zm + 0; k) through ui (zo; k). Substituting the result into (1.2.29), we obtain

(= 2 Y A; + 1=q

= el (1.2.31)
G+, A+ 1204

From (1.2.33) a similar expressionfor the amplitude transmittance through
admittance can be easily obtained:

t= | el (1.2.32)

1.2.6 The admittance phase plane

Visual geometrical represenations of the employed algorithms often help essen-
tially in solving problems, contributing to a more thorough understanding of a

problem in question. In the "eld of multilayer optics such represenation can

be achieved through a geometrical interpretation of the admittance calculation

method. As wasmertioned in the previous subsection,a convenienceof employ-

ing admittance is due to the simplicity of the formula connectingthe amplitude

re°ectance with the input admittance:

Gi A(Za;K),
G+ A(Za; k)

This connectionis reversible: A(zg; k) is, in its turn, expressedhrough r (k)
accordingto the formula

r(k) =

1i r(k),
1+ r(k)’

So design problems connectedwith the amplitude re°ectance can be trans-
formed for the input admittance. For instance, obtaining a multila yer coating
with a given amplitude re°ectance r(k) is equivalent to obtaining a coating
with a given input admittance determined through r(k) according to the for-
mula (1.2.35).

A(Za;k) = Ga (1.2.33)
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Fig. 1.5: Admittance phaseplane

Admittance is a complex value. Geometrically it can be represerted as a
point on a complex plane (seeFig. 1.5). Let us call this plane an admittance
phase plane. Assume, that a multilayer coating is non-absorbing. To make
calculations and transformations brief, let us consider a normal incidence of
light. As seenfrom the following, all the results are also valid for oblique wave
incidence.

In caseof a normal incidence, the formulas of the admittance method (see
(1.2.25), (1.2.27) and (1.2.19)) take the following form:

Ao~ A(0;Kk) = ng; (1.2.34)
_ injsin'j + Aj; 1c0s'
j = . ——; 1.2.35
' cos' | + (i=nj)Aj; 1sin’ | ( )
where' j = knjd;;j = L::;m;
Nai A(Za;k)
Ky = ——————+; 1.2
"= Az K (1.2.36)

where A(za; k)~ An.

Recurrent formulas (1.2.27) were obtained from formulas (1.2.7) of the ma-
trix method. Howewer, they could be obtained directly from the di®erenial
equation for admittance. In caseof normal incidence, equations (1.2.23) and
(1.2.24) coincide and take the form
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£ o]
dA=dz = ik n?(z)j A? : (1.2.37)

For a multila yer coating the n(z) function takesconstart valuesinside every
layer and features discortinuity at the boundaries of layers (see Fig 1.3). In
compliance with the condition, the solution of equation (1.2.39) is cortin uous
at the discortin uity points of n(z). Let us considerthe solution of this equation
inside an arbitrary homogeneoudayer. Let us designateits left boundary as 2,
the value of admittance at this point as A (thus we set the initial condition for
equation (1.2.39)) and the refractive index of the layer asn. Substituting into
equation (1.2.39) one can easily ched that the solution in the layer with the
constart n takesthe form

insinkn(z; 2)+ Acoskn(zi 2)
coskn(zi 2)+ (i=n)Asinkn(zj 2)

A(z) = (1.2.38)

Assuming z = 2 in (1.2.40), we seethat A(2) = A.

The solution in the form of (1.2.40) is valid, in particular, in the j-th layer.
Heren = nj;2 =z, 1;A = A, 1, and if the right boundary z; is taken as z,
then we obtain from (1.2.40) the recurrent formula (1.2.37).

We, however, needexpression(1.2.40) for other purposes.As wasmertioned
earlier, admittance can be represened asa point on the complex plane. With z
changing, the value of admittance will changeand, consequetly, the point will
plot sometrajectory in the admittance phasée plane.

Let us nd out what the solution trajectory looks like. For this purpose,let
us divide both the numerator and the denominator in (1.2.40) by i sinkn(z 2).

We will obtain

_ nj Acotkn(zi 2)
A = i icotkn(zi 2)+ A=n’ (1.2.39)

Let usintroduce a new variable

»=j cotkn(zi 2)

and rewrite (1.2.41) as

n+ifk»
i»+ A=n’

The function of » in the right part of (1.2.42) is known as linear fractional.
The relation (1.2.42) is corveniertly regardedasa linear fractional transforma-
tion of the complex variable » in the complex variable A.

With z changing from 2 to 2 + ¥=(kn) the variable » runs along the real
axis from j1 to +1 . With further growth of z, the variable » runs along the
samevalues again. In accordancewith the well-known property of the linear
fractional function, circlesin the » complex plane transform into circlesin the
A complexplane. A particular caseof a circle is a straight line (a circle with an

(1.2.40)

3In mathematics and mechanics, the tra jectories of di®erential equations and space where
these tra jectories are plotted, are customarily known as phase tra jectories and space. It will
be only natural to include the problems under consideration here into those covered by the
term.
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in nite radius). It follows, that with the change of the variable z the variable
A(z) will move along somecircle in the admittance phaseplane (seeFig. 1.5).

Point A belongsto this circle. It correspondsto the valuez = 2 or » = i1
With z changing from j 2 to 2 + ¥&(kn) (correspondingly, » from j1 to +1)
the point A(z) makesa complete revolution.

Let us determine coordinates of the certer and the radius of this circle. For
this purposewe make use of the symmetrical property of the linear fractional
transformation. Let ustaketwo points » = i and » = j i. They are symmetrical
with respect to the real axis in the » complex plane. In the course of the
linear fractional transformation, points symmetrical with respect to the circle
in » plane are transformed to the points symmetrical with respect to the circle
imagein the A plane. With » = 8§i we obtain the following valuesof admittance
from (1.2.42)

ni A n+ A
— =i nm A= ———=n:
i 1+ A=n 1+ A=n

Thus, points j n and n are symmetrical with respect to our circle. Sym-
metrical points lie on the direct line passingthrough the certer of the circle.
It follows from here that the certer of the circle lies on the real axis in the
admittance phaseplane.

Let us designatethe circle certer as (0;3) and its radius as R. By the very
de nition of symmetrical points they satisfy condition

A =

(i nE+n)=R% (1.2.41)

This equation contains two unknown values: 3 and R. Taking into accourt
that initial admittance value belongsto the circle in question, we can obtain
another equation for their de nition:

iR 3j? = R%: (1.2.42)

Assuming (1.2.43) equal to (1.2.44), we obtain equation for determining the
coordinate of the circle certer:

32 n?2 = jAj?i 2Refs + 32
This gives

. _ JAj2+n?,
2ReA

Substituting (1.2.45) into (1.2.44), we obtain the radius of the circle. It is
not complicated to ched that the expressionfor the radius can be transformed
into

(1.2.43)

_jA?% n?,
2ReA

As we seefrom (1.2.45), (1.2.46), the parameters of the circle along which
the admittance for a given layer is moving, are completely determined by the
refractive index of the layer and the admittance value on its left boundary.

(1.2.44)
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When passingto another layer, the admittance moves along a new circle with
other parameters.

Let us show that all circles are located in the right part of the admittance
phaseplane. In the “rst layer the initial condition for the admittance is set by
the equation (1.2.36). It follows from (1.2.46) that the certer of this circle is
located on the positive part of the real axis. According to (1.2.43), (1.2.47)

R?=32j n?< 3% (1.2.45)

and, consequetly, the circle is located in the right part of the admittance phase
plane (seeFig 1.5). So, the condition ReA > 0 is valid for all the points on
the circle. One of these points sets the initial condition for the secondlayer.
So, the center of the secondcircle alsolies in the positive part of the real axis.
According to (1.2.47), any circle with the certer 3 > 0 is completely located in
the right half-plane. Developing this consideration, we 'nd that the condition

ReA> 0 (1.2.46)

is always valid for admittance. It is the principal condition of the physical feasi-
bilit y of admittance which could alsobe obtained directly from (1.2.23), (1.2.24).
It is not ditcult to show that it is completely equivalent to the condition of the
physical feasibility of the amplitude re°ectancejrj < 1.

Note that one of the two points, | n or n, symmetrical with respect to the
circle, inevitably lieswithin the circle. Sincethe circle liesin the right half-plane,
the inner point is evidertly n.

Let us nd now in what direction the admittance movemert along the circle
in the phaseplane is e®ected.

The linear fractional transformation is a particular caseof a conformal trans-
formation. In accordancewith the well known property, the direction of passing
round the domain in a complex plane remains unchanged while the conformal
transformation is done. The point j i liesin the » plane to the right of the real
axis with respect to the variable » passingfrom j1 to +1 . So,its image, the
point n during passinground the circle in the A-plane ought to remain to the
right side of this circle. It follows from herethat the movemert along the circle
in the admittance phaseplane always goes clockwise.

As wasshown above, the certer and the radius of the circle are determined by
the layer refractive index and the admittance initial value on its left boundary.
With di®eren initial values,the circlesalong which point A movesare di®eren.
Note, howewer, that in accordancewith (1.2.43), the coordinates of the certers
and radii of all these circles are unambiguously connectedbetweenthemsehes:

32 n2= R%

Thus, for a given layer with the refractive index n there is an in nite set of
circleswhich can sene asadmittance movemern paths. Fig. 1.5 plots in dashed
lines a number of circles of this set. With R'! 0 they urge towards the point
n.

For layers featuring di®erert refractive indices, the set of circlesis di®erer.
On the whole, eath one of these setscompletely s the right side of the half-
plane. Let us alsonote, that all the circlesof the setareinsertedinto ead other
and do not cross.
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We can considerthe problem of eliminating the re°ectance from the bound-
ary betweenthe substrate and the outer spaceas an example of a practical ap-
plication of the discussedyeometricalrepresenations. According to the formula
(1.2.38), it is necessaryand suzxcient for complete eliminating the re°ectance
to have the input admittance equal to the refractive index of the outer space.
Geometrically, it meansthat the admittance trajectory ought to terminate at
the point ng (Fig. 1.6). The beginning of the trajectory is point ng. Assuming
A = ng;n = ny in (1.2.45), (1.2.46), we will nd the parameters of the circle
along which the admittance movesin the rst layer:

2 2
ng+ ng.

. R, = dngindi,
2Ng

2Nng

3

1:

This circle is marked asnumber 1 in Fig. 1.6 (represerting an; > ng case).
The set of circles corresponding to the layer featuring refractive index n,, hasa
circle crossingthe n, point. Let us show that its parameterscan also be found
from the formulas (1.2.45), (1.2.46). Actually, the condition of belongingto a
set of circles takesthe form (1.2.43) with n = n», and the condition of passing
through point n, takes the form of (1.2.44) with A = n,. So, the relations
(1.2.45), (1.2.46), obtained from (1.2.43), (1.2.44) are valid for the caseunder
consideration (generally speaking, A can be any point of the circle). Thus, the
certer and the radius of the circle are determined from the formulas

ng +ns.

jnZi njj
: R,= -2 2.
2N, 2

2n,

3

2:

If the circle thus plotted (it is designatedas number 2 in Fig. 1.6) crosses
the “rst circle, then the admittance trajectory leading from point ng to point
n, can be easily found. One of the two trajectories of this type is plotted in
a thick solid line in Fig. 1.6. Thus, crossingof the circles 1 and 2 meansa
possibility of reduction re°ection to zero with the help of a two-layer coating.
The thicknessesof the layers are determined by the admittance value at the
crossingpoint of the two circles.

In conclusionof this section, let us consideranother important result which
can be easily establishedon the basisof the analyzed geometrical interpretation
of admittance.

Let us nd out whether a multilayer coating with any pre-set amplitude
re°ectance (at a certain "xed wavelength) can be obtained. We showed earlier
that the task of obtaining a predetermined amplitude re°ectance is completely
equivalent to the task of obtaining a corresponding input admittance. So, let
A, bean arbitrarily setinput admittance (naturally, meeting the requiremerts
of a physical feasibility (1.2.48)). Let us considera two-componert multila yer
coating consisting of layers with alternating refractive indicesn; and n,. Let
us designatethe sets of circles for such layersas C; and C,. In Fig. 1.7, the
solid lines shaw the circles of the rst set, and the dashedlines - those of the
secondone (assumingn,; < ng < nj). Circles of every set 11 completely the
whole of the right half-plane. Note, that any circle of one set crossesan in nite
number of circles of the other set. Due to this, there is a possibility for the
admittance trajectory to reach any A, point in the right half-plane. The initial
stretch of the trajectory always goesalong a circle from C; set designatedas 1
in the Fig. 1.7. Depending on the thicknessof the rst layer, transition of the
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Fig. 1.6: Design of antire°ection coating with the help of admittance phase
plane

trajectory into one of the circles of the C, setcan occur at any point of circle 1.
It is evidert from the picture, that the circle designatedas 2, con nes the area
into which the admittance trajectory of a two-layer system can get. Similarly,
circle 3 of the C; setlimits the areaof admittance valueswhich can be obtained
through a three-layer system. Thus, increasing the number of layers, we can
always obtain any souglht value of the input admittance.

The establishedresult can be formulated as a theorem.

Theorem 1.1. There exists a multilayer coating having any pre-setampli-
tude re°ectance at any pre-setwavelength.

1.3 Some common prop erties of multila yer coat-
Ings

Multila yer optical coatings have a number of common properties whoseappre-
ciation provesusefulin solving numerousapplied problems of multila yer optics.
Great is the cortribution of P. G. Kard in studying these properties. The re-
sults of his researt in this "eld have beensummedup in his book published in
1971, which is of no lessimportance nowadays. Here we will consideronly most
essetial properties from the point of view of applied optics. We will employ
a suzxciently simple but rather a common approac in establishing these prop-
erties, which, in itself, is useful in solving a number of problems of multila yer
optics. In this sectionformulas are deducedfor transmittance and re°ectance of
two multila yer systemscombination. They assistin investigating many essetial
typesof multila yer coatings, such as multila yer interferenceTters, for example.
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Fig. 1.7: Admittance trajectories of two-componert multila yer coating

1.3.1 The relation between the characteristic matrix and
spectral coezcien ts of a multila yer coating

In this subsectionwe will establish simple relations connecting the characteris-
tic matrix with multila yer system amplitude transmittance and re°ectance for
waves passingin the straight and reversedirection (i.e., from the substrate to
the outer space). These relations make the basis for almost all further results
of the section.

We will make simultaneous deductions for both casesof polarization. As
shown in the previous section, the characteristic matrix connects eld compo-
nents on the boundaries of a multilayer coating with the outer spaceand the
substrate:

Mg _ |, Mo 13
A(za; k) AO;k) - o
If we setthe initial conditions in the right part of (1.3.1)
u(0;k) = L,A(0;k) = a; (132

then we obtain in the left part of (1.3.1) the valueswhich enter formulas (1.1.17)
for the amplitude transmittance and re°ectance:
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_ 20, .
k) = GaU(Za; k) + A(Za;k),
_ GU(Za; k) i A(Za;K).
k) = GaU(Za; K) + A(Za; k)

Let us expressu(za;Kk); A(za; k) from (1.3.3) through the amplitude coez-
ciens:

(1.3.3)

u(za; k) = (1 + r)=t; A(za;K) = (1 r)=t: (1.3.4)
Substituting (1.3.2) and (1.3.3) into (1.3.1), we will obtain
“(1+r):tﬂ:Mulﬂ_ (135)
G(li r)=t G o

Let us now introduce the amplitude transmittance and re°ectance for the
wave incident from the substrate onto the multilayer coating. The angle of
incidence is assumedto be equal to °s, that is the value of the transmittance
angle at which the wave passesn the substrate when the light is incident from
the outer spaceat angle °,.

For brevity, let us call these coetcients amplitude transmittance and re-
°ectance in the reversedirection and designatethem ast  andr’.

The t° and r’ coetcients can be found similarly to the way the formulas
(1.1.17)wereobtained in section1.1. We should normalize the "eld with respect
to the transmitted wave amplitude. Now it is a wave passingin the outer space
at the °, angle in the direction of the coordinate z growth. For this wave
A= | quu. So,the boundary "eld conditions will be set now at point z = z, in
the following form:

U(za;K) = L AZa;K) = i Ga: (1.36)

If u(0;k); A(0;k) are corresponding values of the “eld componerts at the
boundary with the substrate, then the t° and r° coe+cients will be expressed
similarly to formulas (1.1.17):

_ 20s .
U0k i AQOik)’
o_ %U(0;k) + A(0; k) .
~ au0k) i AOK)
Let us expressu(0; k); u(0; k) from (1.3.7) through the amplitude coezcients

in the reversedirection:

tO

(1.3.7)

u(;k) = (1 + r9=t% A(0;k) = q(r% 1)=t% (1.3.8)

Substituting (1.3.6) and (1.3.8) into (1.3.1), we obtain:
Hlﬂ_ “(1+r°)=t°ﬂ_ a0
i (0 ) (1.39)

It is corveniert, for further use,to introduce two matrices:
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M il H f

1 1 1 1
R g i *T g g
With their help, equation (1.3.5) is written down as
ul:tﬂ o ulﬂ.
r=t -~ S0
and equation (1.3.9) as
HO‘H urO:tOﬂ .

Qa 1 =M QS 1:t0

Now we can write both theseequationsinto one matrix equation:

M1:t 0ﬂ “1 r°:t°ﬂ_

Qa 1 = MQS 0 1:t0

r=t
Let usrewrite it in the following form:
H Tu T .
1=t O 1 r%&t0! )
=t 1 0 120 = Qa'MQs (1.3.10)

Let us designatethe left matrix product as C. Finding the inverse matrix
and multiplying the matrices then, we obtain

K 1
1=t j r%t
c= |1:t+ : (1.3.11)
(1.3.11) where t* standsfor the value
tt = t=(tt% rr9%: (1.3.12)

In radiophysics, similar C matrices are customarily called transfer matrices.
We will stick to the term in the multila yer optics. It preserts no special ditcult y
to analyze the physical meaning of the C-matrix. Assumethat Ea-amplitude
wave is incident from the outer spaceside. For the sake of simplicity, let us con-
sider a normal incidence case. The amplitudes of the transmitted and re°ected
wavesEt and Er are connectedwith E by the equations

Et = tEa; Er = rEa:

From here we obtain

1
En= tEr;  Er= %ET: (1.3.13)
These equations are equivalent to the following matrix equation
p_o | p_ T
Ea _ Er .
En - C 0 (1.3.14)

Let now an E3 - amplitude wave is simultaneously incident from the sub-
strate side, and E2 and E§ are corresponding amplitudes of the transmitted
and re°ected waves (seeFig. 1.8). Similarly to (1.3.13)
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1
0
Let us nd the matrix inverseto C-matrix. It is equalto

r0

EQ = —EY; EQ2 = EE$:

1 H(ttoi rr9=t° rO:tOﬂ _
- i r=t 1=t0
Applying it, equations(1.3.15) can be written down as
H_o T (V|
EI(?)Q = Ci 1 0 .
EQ EQ
Multiplying both parts of (1.3.16) by the C-matrix, we obtain

ol el

EQ ~ % E

C

(1.3.15)

(1.3.16)

(1.3.17)

Due to the superposition principle, the elds consideredabove, add up. An-
alytically, it is equivalent to the addition of equations(1.3.14) and (1.3.17). As

a result, we obtain

H f Mo |l
ERE-I-AE‘T) -c ERggET : (1.3.18)
Substrate Multilayer Outer space
coating
-
E -
- Ea
E &
4
E Er TER\| ———— >
=C , E g
’ E_tE! E —_—
E A R T A ’
Er

Figure 1.1: Figure 1.8: Determination of transfer matrix
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Let usnote that E4 and Er + EY are amplitudes of the wavespassingin the
outer spacein the negative and the positive directions of the z-axis, respectively,
andEQ + E1 and ES are amplitudes of similar wavesin the substrate. Equation
(1.3.18) establishesa connectionbetweentheseamplitudes. Thus, the C-matrix
describesthe transferrance properties of the multila yer coating in the discussed
sense.

Equation (1.3.10) is written down with the help of the transfer matrix in the
form

C = Q™M Qs: (1.3.19)

Hence, we obtain the expressionfor the characteristic matrix of the mul-
tilayer coating through its transfer matrix, and, thus, through the amplitude
transmittance and re°ectance coexcients for the direct and reversewaves:

M = Q,CQL: (1.3.20)

1.3.2 Relations between spectral characteristics for the di-
rect and reverse waves

Let usnote, rst of all, that irrespective of the fact whether the layer is absorbing
or non-absorbing, the determinant of its characteristic matrix (see(1.2.9)) is
always equalto 1. Sothis is alsovalid for the determinant of the characteristic
matrix of the multila yer coating:

detM = 1: (1.3.21)

It follows from (1.3.19) due to (1.3.21) that

detC = detQ! * detQs = detQs=det Qx: (1.3.22)
Calculating the determinants erntering the equations (1.3.22), we obtain

t%=t = gs=au: (1.3.23)

Let us further assumethat both the substrate and the outer spaceare non-

absorbing. The transmittances for the waves passingdirectly and reversely are
determined by the equations

_ G0, o_ %h..o2.
T = Zjtj%; T0= 2jt92:
U OﬁJ‘i

It followsfrom (1.3.23)that T = T Thus, the following property is revealed:

Prop erty 1 Transmittances for the waves passing directly and reversely
through a multilayer coating, coincide.

If all layers of a multilayer coating are non-absorbing, equality of the re-
°ectancesfor the directly and reversely passingwavesfollows from Property 1:
R = R% However, this equation is not valid in the generalcaseof the absorbing
layered medium.

Of the energy equations

T+R+A=1 T+ R%+ A®=1
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and Property 1 only the following equality is valid

R+ A=R%+A®

As was showvn by P.G.Kard (1971), absorbing multila yer coatings featuring
signi cant di®erencesdetweenre’ectancesin direct and reversedirections may
exist. This property canbe employedto designasymmetric mirrors for re°ecting
interferometers (Troitski, 1985).

Amplitude transmittance and re°ectance are complex values. Let us write
them down as

t=¢e;  r= e,

The valuest and ¢ are known as phasechangeson transmission and re°ec-
tion. They dependon the wavenumber k (or the wavelength , ) and are essetial
spectral characteristics of multila yer coatings.

Let us designateas +° and ¢ ° the phasechangeson transmission and re°ec-
tion for the wave passingin the reversedirection.

Sincethe right part of (1.3.23)is a real number, it follows from the equation
that

=+ (1.3.24)

Let us now assumethat a multilayer coating is non-absorbing. The phase
thicknessesof eadh layer ' ; = kn; cos®; d; are real numbers, so elemerts of the
principal diagonalsof the characteristic matrices are real numbers, and the ele-
ments of the subsidiary diagonalsare imaginary numbers. By multiplying these
matrices, it is easyto seethat the mj;; and m,, elemers of the characteristic
matrix of the whole coating are real numbers, while m;, and m,; are imaginary
numbers.

Calculating the product of the matrices in the right part of (1.3.19), we
obtain for matrix C:

C= }M Cu Ca2 ﬂ.
2 C1211 ﬁzz ’ g
Cu = “mn"‘ %mzz +  GMpp + M2z ;
H *  n * 1
Cio= myj %mzz i GMyzj M2 ;
H * T n * 1
Cor= myj %mzz + GMyzj M2z ;
H * T n * 1
Cpn= mgy+ %mzz i Gmpz+ M2y
O G

Taking accourt of the above property of the characteristic matrix elemens
we see,that the elemerts on the principal diagonal of matrix C are conjugate
complex numbers. Elemerts on the subsidiary diagonal are also conjugate com-
plex numbers. It meansthat

I=t* = 1=t%; r%t= ro=t™ (1.3.25)
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The secondequation givesrise to the following relation betweenthe phase
changeson re°ection in direct and reversedirections:

¢0= v ¢ + 2 (1.3.26)

Let us sum up the obtained results.

Prop erty 2 In caseof a hon-absorbingmultilayer coating for phasechanges
on transmission and re°ection, there exist relations (1.3.24) and (1.3.26). The
relation (1.3.24) is valid with the absorbinglayers, too.

1.3.3 Transmittance and re°ectance of the combination of
two multila yer subsystems

Assume, that a multila yer coating is obtained through uniting two subsystems
of layers, designatedas 1 and 2, with a spacerlayer having thicknessd and

refractive index n (seeFig. 1.9). Let us introduce the amplitude transmittance

and re°ectance for the waves passingin direct (from the outer spaceto the

substrate) and reverse(from the substrate to the outer space)directions. These
coezxcients will be, respectively, designatedwith 1 and 2 indices. For the sake of
certainty, in setting the amplitude coezcients of subsystemsl and 2, we consider
that subsystem1 is framed by homogeneousmedia with refractive indices ng

and n and subsystem?2 is framed by homogeneousnedia with refractive indices
n and n,. The n-refractive index medium for subsystem1 plays the part of the

outer space,and that of the substrate for subsystem2. The wave anglesin all

media are determined by the Snell law:

NsSiN°s = Nsin® = n,sin®y,:

Let us nd expressionsfor the amplitude transmittance and re°ectance of
the multila yer coating through the amplitude coezcients of its subsystems.

Let M3 and M, be characteristic matrices of subsystemsl and 2, and M, is
a characteristic matrix of the spacerlayer. The product of thesematrices gives
characteristic matrix of the multila yer coating

M = MoMoMy: (1.3.27)

Let us now expressmatrices M ; M 2; M through the corresponding transfer
matrices. According to (1.3.20),

M = Q,CQL %
Similarly

Mz = QaCoQi ;M1 = QC1QL L
where C;., are transfer matrices of subsystemsl and 2, and Q is a matrix
similar to Qs and Q, for the n-refractive index medium:
H 11 1 .
a iq
Here q= ncos® in the S-caseand q= n=cos® in the P-case.

Q:
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Substrate | Multilayer | Spacer |, Multilayer , Outer
subsystem layer subsystem | space
g 1 n 2 n g
d
<
0 Z 5

Figure 1.2: Figure 1.9: Multila yer coating obtained by combining two multila yer
subsystems

Substituting expressionsfor matrices M ;M,; M1 in (1.3.27), reducing both
parts of the resulting equation by Q, and QL' we have:

C = C,Q' 'M,QCy: (1.3.28)
Let us write down explicitly the characteristic matrix of the spacerlayer:

u

cos' i=gsin’
Mp = a

ig sin' cos'
Here,' = kncos®d is a phasethicknessof the spacerlayer.
The inversematrix Qi ' is equal to:
1
1 H 1 1=q .

il- =
Q 2 1 jl=q

Multiplying the three middle matrices in (1.3.28) by ead other, we obtain:

H g Oﬂ_

Q 'M,Q= 0 (1.3.29)

el

The transfer matrices C; and C, in (1.3.28) are expressedthrough the sub-
system amplitude coezcients using similar (1.3.11) formulas:
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H 1
c,= Pt i ri=t,

ri=t; 1=t ro=t, 1=t

3 1
c,= Fu i ri=ty

wheret] and t; look similar to (1.3.12). So, taking accourt of (1.3.29), the
equation (1.3.28) is written down in the form:

M=t i rozt'IT _ H 1=t, rg:tzﬂ He 0 Tu 1=t; r?ztlﬂ

r=t 1=t* T =ty 1=t) 0 e ri=t; 1=t (1.3.30)

In order to expressthe t and r amplitude coezcients, it is suxcient now to
nd the “rst column of the matrix product in the right part of (1.3.30). We will
obtain then:

1€ jrurde’

t tito :

rora€ +rg(tatdi rarde

t t1to '
and get from herethe "nal expressionsfort andr:

tltzei v
_ e’ 1.3.31
1j rqrdei @ ( :
+ 0. 0\qj 21
o Tat ntt3i rorge (1.3.32)

(1j rurdei’

Note, that expressions(1.3.31), (1.3.32) are of the most general character.
They are valid for both "eld componerts. Both multila yer subsystemsand the
spacerlayer can be absorbing.

We can consider the combination of two multilayer subsystemswithout
spacerlayer betweenthem. In the latter case,' is held equalto zeroin (1.3.31)
and (1.3.32).

Now we will obtain expressiondor the energytransmittance and re°ectance
coexcients. Let usintroducethe transmittances and re°ectancesfor subsystems
1land2:

T, = %itjz: Ri=jrij?  To= %jtziz; Rz = jraj%;

From (1.3.31) we obtain
T2 Bgeo Gt TiT, _

= == — S = = :
& " Gili rrde 7 1 "RiRpE© ¢ 8i 2) 2

(1.3.33)

Here ¢ 1 and ¢ § are phasechangeson re°ection from subsystemsl and 2 at
the side of the spacerlayer. Let us designate

1
u= 3.6l 2);
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It can be easily cheked that H’le square module in the denominator in
(1.3.33) is equal to 1+ R1R2 j 2° RiRicos2u.  So, the expression(1.3.33)
for the transmittance of the coating is transformed into

Tal2 _
1+ RiR,j 2 RiRicos2y’
In order to simplify the "nal expressionfor the re°ectance of the coating,

let us assumemultila yer subsystem2 non-absorbing. In this case,in accordance
with the “rst equation in (1.3.25) and Property 2 (equation (1.3.26)),

(1.3.34)

2it

totd i rard=to=t) = t=t; = e g2+ 2);

=i
Sothe numerator in (1.3.32) can be written down as

h i
gt pR721 prle(mlmgiz') :

The squaremodule of the value is equalto 2R; + Ry j P R1R, cos2u.
Taking this into accourt, we obtain the following expressionfor R:

_ Ri1+ Ry ZE‘R]_RQ Ccos2u .
1+ RiR2j 2" RiR;cos2u’
Expressions(1.3.34), (1.3.35) form the basis for a design method of e®ec-

tive interfaces (see Smith, 1957). The expressionsare also widely applied for
analyzing important typesof multila yer coatings, including mirrors and Tters.

(1.3.35)

1.4 The multila yer coatings optical prop erties:
Impact of variations in the layer parameters

The subject matter of this section primarily dealswith an impact of the errors
in the multilayer coating parameterson its spectral properties. As a rule, the
errors are small enough,soit is possibleto estimate the in°uence of the changes
in individual parametershby calculating the spectral coe+cient derivativeswith
respect to the correspnding parameter. The rst item of the section asserts
there are suzciently simple algorithms allowing to calculate spectral coetcient
derivativesvery precisely and of low calculation e®orts. The signi cance of this
result goesbeyond the limits of this section. The possibility of an absolutely pre-
ciseand fast calculation of spectral coexcients derivativesis of vital importance
for designmethods of synthesis of multila yer coatings.

The major problem in estimating the impact of errors on multila yer coating
propertiesliesin the fact that the concretevaluesof parameter variations are un-
known. Usually, we may suggestonly someapproximate mean valuesof errors.
A question risesin this connection of how to estimate possible spectral coezx-
cient variations. One of the ways is a multiple reiterated modelling of concrete
values of the parameter errors and a subsequen calculation of corresponding
spectral coexcients. However, the number of di®erernt options in modelling the
errors is sogreat, that signi cant ditculties appearin interpreting the obtained
results. In this section we consider another approac to the estimation of the
error impact (Grishina and Tikhonravov, 1985).
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In a number of casegeliable quality conclusionscan be made concerningthe
error in°uence on the spectral properties of coatings of various types. Here we
discusssomegeneralresults to this e®ect.

1.4.1 Spectral coexcien ts deriv ativ eswith respect to layer
parameters

Let m be the number of layers. In a common case,such a multila yer coating
is described by 3m-parameters: layer thicknessesd; , refractive indices n;, and
the extinction coexcients - ;. Note, that it is more corveniert sometimesto
consider complex refractive indicesr; = n; j i-j, than refractive indices and
extinction coexcients separately

Let us designateone of the coating parametersasx and a spectral coexcient
as' . In orderto nd a spectral coexcient derivative with respect to x, we can
calculate the spectral coetcient with the changed parameter value of x + ¢ x
and make use of approximate formula

@ _xrexi (), (1.4.1)
@ ¢ x

In orderto 'nd all derivativesin this way, it is necessaryto make 3m+ 1 cal-
culations of the spectral coe+cient, oncefor the initial valuesof the parameters
and then 3m times altering parametersone by one.

Generally speaking, the smaller ¢ x, the higher the accuracy of formula
(1.4.1). However, any computer makes calculations with some nal accuracy
level. Due to this, the formula error can be signi cant: with ¢ x decreasing,
a relative calculation error in the numerator in (1.4.1) grows. The derivative
calculation error provesto be most essetial, if a relative changeof the spectral
coezxcient at parameter variation is signi cant.

Below we describe another way of calculating spectral coexcient derivatives
permitting to carry out calculations with computer accuracy Besidesit is more
economicalfrom the point of view of computation time. Let us now turn to
the matrix method (see Section 1.2). In order to determine the amplitude
transmittance and re°ectanceit is necessaryto:

1. Form the characteristic matrices of the layers

_ H cos' (i=q)sin"; .
M, = ) J J (1.4.2)
! iqj sin' cos'j
where' ; = krj cos®;d;; ¢ = R cos' j in the S-caseand ¢ = r; =cos' j

in the P-case,and the °; anglesare determined in compliance with the
Snelllaw: n; sin®; = ®= nasin®,.

2. Find the characteristic matrix for the whole of the coating

M=MnMmn;1:::Mq: (1.4.3)

3. Calculate the amplitude coezcients through the M -matrix elemens ac-
cording to the formulas
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t= 2% : (1.4.4)
GaMi1 + GsMo2 + GsCGaMi2 + M2g

[ = GaMa11 i GsMo2 + GsGaMa2 j Moy
GaMaig + GsMyp + GsCaMaz + Moy’

(1.4.5)

Let us rst nd spectral coetcient derivativeswith respectto the layer thick-
nesses.The amplitude coexcients are composite functions of the layer param-
eters depending on them through the characteristic matrix elemens. So, the
amplitude coezcient derivatives are expressedthrough corresponding deriva-
tivesof the matrix elemens. Di®erertiating (1.4.4). (1.4.5) we obtain

@ _ . i @nyy @ny @np | @nax
@ 'm*a e gt a (1.4.6)
@ _ . L NC Al @ny; o @ngo @ny’
@ - | 2 G(1ir) @ i G(1+r) @ + GsGa(li 1) @ [ (1+(f) @;j :
1.4.7

According to (1.4.3), the derivatives of the characteristic matrix elemens
are determined from the equation:

@ @

— = Mp My ——Mj; 1M1 1.4.38

@ Tt T (1.48)

Let us designatethe matrix @; =@, asD;. Di®erertiating (1.3.2), we nd
that

i sin';  (i=g)cos' j

_ o _ .
Dj = @ - knry cos®; iq; cos’ | | sin' | (1.4.9)
Let us introduce two matrices
H 1
1
a, — . t2:2 G :
t= i G &G G
uoﬁ(l' r) '(1+r)ﬂ
a = t=2 ; : : 1.4.10
' % qa(lin ia+r) ( )
With their help, expressions(1.4.6), (1.4.7) can be written down as
1 1
o _, e, o_ ‘e, (La1n)
@ @ @ Q@

The symbol T, (¢ denoteshere the trace of the matrix, which, according to
the de nition, is the sum of its diagonal elemeris. Multiplying the matrix

& _" o=@ =@ |
@ @nx=@ @n2=@

by matrices (1.4.10), we prove the validity of the record (1.4.11). Substituting
then (1.4.8) into (1.4.11) we obtain
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3

@ - ii 1,
= =T Mi*tlp. ali ;
@j r ]t
@ i -
@: T, Mittpalil (1.4.12)
whereMi*1;ali 1-aji 1 denotethe following mtrix products:
MI*L = My iiiMjag (1.4.13)
alil= My piiiMge g (1.4.14)
alil= M 10t M42 (1.4.15)

Expressions(1.4.12) for the amplitude coezxcients derivativesare absolutely
accurate. It is easyto carry out calculationstrough a seriesof a certain type ma-
trix products employing those expressions.Let us note that the matrix products
(1.4.13) are obtained in the courseof the coating characteristic matrix calcula-
tions, the matrix being necessaryto nd the amplitude coezcients proper. All
the matrix products (1.4.14), (1.4.15) are calculated at a one-time passalong
the layers of the coating. Due to this, the derivative calculation algorithm is
highly economical.

Calculating derivativeswith respect to other parametersis implemented in
a similar way. It is most corveniert ‘rst to nd the derivativeswith respect to
the complexrefractive index. It evidertly resultsin similar (1.4.12) expressions:

3 .

gj:T' MIFENja it

@ = i j+1 aii1¢-

o =T M (1.4.16)
1

wereN; are derivativesof the layer characteristic matrices with respectto m;. In
calculating thesederivatives, it should be taken into accourt that the °; angles
are implicitly dependert on i;. So,it is better to preliminary represen (* ; and
g asfollows

. ¢:
' :klﬁjzi @ d;
. ¢:
g = lﬁjzi @ (for the S-case)

i (S
g = F’rj2=|l°rj2 P @ (for the P-case)

After a number of non- complicated transformations @; =@ derivatives
take the form

. H P |
@y R coF°; cos’; 1 0

for the S-case,while for the P-casethey take the form:
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. H f
@ d; . COS' j i 20 ¢ 0 1=
Nj = = D; + 1j tan“?,
'@y  mjcoge; ! ' cos ;! oo 0
where D; is a matrix determined by the expression(1.4.9).

Asr; = n; i-j, the amplitude coetcients derivativeswith respect to the
real parametersn;;-; are connectedwith the derivatives (1.4.16) through the
simplest expressions:

@_@ @_a.

@ @& O @y
@ . @ @ . @
— = ji—= — = ji= 1.4.17
@ e @ e ( )

It is very easyto expressthe transmittance and re°ectance derivatives most
frequertly required in calculations, through amplitude coetcient derivatives.
SinceR = jrj% = rrao, then.

Yo Y
®R_Q@ ,, @ - @
— = —r +r—=2Re r —
@J @j @] @J
Similarly,
) Y
@ _2%Re v @

Q@ Ga @i
Other transmittance and re°ectance derivativesare expressedn exactly the
sameway. Taking accourt of (1.4.17), we obtain

Y §7 Y §Z
@ e 1@ R _ o .@7
@; y @j?/’ @; y @, y
@ _u, @ ®_, ".@"
@ & @ O @

Note in conclusion, that higher derivatives of multilayer coating spectral
coexcients can be obtained following this pattern.

1.4.2 Impact of the layer parameter errors on the multi-
layer coatings spectral coezxcien ts: probabilit y as-
sessment metho d

Let us note that the very valuesof the spectral coexcient derivatives give im-
portant information on the nature of error in°uence on the coating spectral
properties. Errors of the samevalue cangrow in signi cancewhereer the deriva-
tivesare greater. Spectral coexcient derivativesdepend on the wavelength (the
wavenumber), and thus are themselescertain spectral characteristics of a coat-
ing: the in°uence of the errors will be stronger in the spectral band wherethese
derivativesare greater.

At the sametime, the set of derivatives cannot of itself give sutcient rep-
reseration of the total in°uence of all possibleerrors, since, rst, the changes

50



causedby the errors interact in a very complicated way, and, second,the con-
crete valuesof the errors are frequertly unknown in advance.

An aggregatedin®uence of the errors can be taken accourt of by putting
down the Taylor expansionof the spectral coexcient incremerts. For reasonsof
certainty, let us further considerthe transmittance coezxcient. Let us also hold
all layersnon-absorbing,i.e., considerdependenceof T on 2m parameters- layer
thicknessesand refractive indices. Let T°(k) be a transmittance corresponding
to somegiven set of parametersdi;:::;dm;n1;:::;Ny,. Let us designatethe
thicknessand refractive index variations of the j -th layer »;";. As arule, these
variations (errors) are small, and the related transmittance coexcient change
approximates to a high degreeof accuracy by a segmen of the Taylor series:

X a X oa.
¢T(k)=TK)j TOk)Ya ——»+ ,
y 2@ s
1 X 7 @7 ST .. @T N
= » % i+ 2 > 1.4.18
+2i;j:1 @i@j)lﬁ-k@]i@'j i @h@lj)IJ ( )

If the concrete values of the errors in the layer parameters were known,
we could 'nd the correspnding changes of the coetcients from the known
coezxcient derivativesusing (1.4.18)-type formulas. However, we can talk only
about somestatistical level of errors.

Errors in the layers parameters are causedby numerous di®erent factors.
Those are monitoring methods errors, deviations in the parametersof materials
used for sputtering, degreeof cleanlinessof the chamber, the temperature of
the substrate, etc. Errors causedby various factors are practically random.
It is widely known that in similar situations a distribution of the summedup
errors is quite accurately described by the normal distribution law. So, let
us consider ead » ;" as distributed in accordancewith the normal law with
zero mathematical expectation and some given standard deviation. Assume
also that errors in the parametersof individual layers are noncorrelated. This
assumption best corresponds to deposition using quartz monitoring method.
Let us designatethe standard deviations of errors in the layer thicknesses¥y; ,
standard deviations of errors in the refractive indices %;; .

A changein the transmittance ¢ T (k) dependson »;"; and, consequetly,
is a random value. The ¢ T (k) distribution can be characterized by a mathe-
matical expectation and a standard deviation. Both thesevaluesalsodepend on
the waverumber k. Let us designatethem asM¢ 1 (k) and S¢ 1 (K), respectively.
For random function of the (1.4.18)-type, generalformulas can be deduced,ex-
pressing their mathematical expectation and the standard deviation through
the » ;" standard deviations:

|

X @T aT .,
M¢T(k) = =0 ?/ﬂj 2%1” ; (1419)
(=1 @ @
wha , a, "
S2. (k) = — ¥+ —Y}
o j=1 @l ! @j !
Yy Yy
T ar a@T a@T
+2 = 3Z YR o+ — 3R 3R+ 22— 3Z. 32 (1.4.20
@I@ ﬂl ﬂj @.li@.|J ?‘H ﬁj @I@j ‘ﬂi,l ﬁ,] ( )

ij =1
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The values for ¥ ; %, in (1.4.19), (1.4.20) characterize the error levels
in the thicknessesand the refractive indices. The M¢ 1(k) and S¢ 1 (k) func-
tions calculated on their basisallow to vividly characterize possibledeviations
of transmittance from the calculated T°(k) curve. This characteristic of the
most likely values of T (k) is provided by the curve of transmittance math-
ematical expectation T°(k) + M¢ (k) with the standard deviation corridor
TO(k) + M¢ 1 (k) 8 S¢ 7 (k) marked on the “gure.

Fig. 1.10: Corridor of the most likely trancmittance valuesof four-layer
antire°ection coating: calculated transmittance T°(k) (solid curve),
mathematical expectation T°(k) + M¢ 1 (k) (dashed curve)

Fig. 1.10illustrates the error sensibility of four-layer antire°ection coating
at normal light incidence. The calculated parametershave the following values:
odd layers refractive indices are equal to 2.00, while even layers to 1.45, the
layer thicknessesare 16.2, 33.6, 141.8,93.3nm. The substrate refractive index
is equalto 1.52. The following valueswere assumedfor possibleerror standard
deviations in the parameters of the layers: ¥%.1 = Y42 = 2nm; ¥Yg.3 = Y44 =
5nm; ¥ = 0:02for all layers. Thus, errorsin layer thicknessesare about 4j 6%
of the thicknessesf the secondthrough fourth layers and 12% of the rst layer
thickness. Fig. 1.10 provides a calculated transmittance of the antire°ection
coating T°(k) (solid curve) and its mathematical expectation T°(k) + M¢ 1 (K)
(dashedcurve) with the marked corridor of the standard deviation. This corri-
dor characterizesa possibledeviation of the transmittance from the calculated
curve.

Note, that expressions(1.4.19), (1.4.20) were obtained in the assumption
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of noncorrelated errors in parameters of di®erert layers. This assumption is
quite justi ed in coating production with quartz resonator monitoring. It is
well known that in employing the optical monitoring methods error autocom-
pensationoften occursin layer thicknessesthat is the latter are not independert
random values. The probability approac described above can be expandedto
include sudh casesby introducing a correlation matrix for random variations of
layer thicknesses.

1.4.3 Multila yer coating spectral prop erties: in°uence of
separate layer parameter variations

In this subsectionwe will obtain some qualitativ e conclusionsconcerning the
in°uence of separate parameter variations on multila yer coating properties. A
number of formulas describing the energy coetcients changeswith a changein
a thicknessor refractive index of a layer sere asthe basisfor these conclusions.
To simplify the considerations, we will not supply a detailed deduction of the
formulas but give its brief explanation instead.

Let us single out somelayer of a non-absorbingmultila yer coating and desig-
nate its thicknessasd and its refractive index asn. The set of layers preceding
the layer in question will be termed subsystem1, while the set of layers follow-
ing it will be referred to as subsystem2 (seeFig. 1.9 in the previous section).
Further we will usethe samedesignationsasin Section1.3: spectral coexcients
of subsystemsl and 2 are designatedwith proper indices, spectral coexcients
and phasechangeson the re°ection for wave propagating in the reversedirection
(i.e., from the substrate to the outer space)are marked with a prime.

The initial expressionsfor the formulas deduced below are those (1.3.31)
and (1.3.32) from the previous section. With their help amplitude coexcient
increments (and then energy coetcient incremerts) can be expressedthrough
the inner layer parameter change. It ought to be takeninto accourt that with a
changeof the refractive index or introduction of a small absorption in the layer
not only phasethickness' changes,but the subsystemamplitude coezcients
change too, due to the change of parameters of the framing media. Going
through rather a tedious procedure of calculations, we will nd as a result that
with a changeof the refractive index of the singled out layer by ¢ n, re°ectance
and transmittance will get incremerts

CR=j¢T=
1P RiR; "1+ R 1+ R . H
20n———2"2 2 sin2u+ Pp——sin(’ ¢9)+ P—2sin( j ¢q) sin'
nTiT, R1 R»

(1.4.21)
Here, like in Section1.3,u= (¢ 1+ ¢Jj 2 )=2.
Energy coexcient changescausedby taking into accourt small absorption
in the particular layer under consideration are equal to

¢T =

271 RiR., . PRY "r; S
|2 T+ toos( | G1)+ —Ccos( | ¢9) sin'
1 2

n T1T2 T
(1.4.22)

Y
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1

2
¢r=2 I Rzi Rii RAi RiRy),

n T, T,
+ (L R)—2cos( | ¢9)
T2
pRi s Y
i (Li R)T—lcos(' i ¢4) sin' (1.4.23)
1

Parameter - in (1.4.22), (1.4.23) is an imaginary part of the refractive index
(extinction coezxcient) of the given layer. Taking accourt of small absorption
in the layer, absorptanceA di®ersfrom 0. Since,in our assumption, the other
layers of the coating are non-absorbing,A = j (¢ T + ¢ R) and we obtain from
(1.4.22), (1.4.23) the following:

T n p (0]
A=2 = (1+Ry1) +2 Rycos( j ¢q)sin' (1.4.24)
1

Lastly, with the changeof the layer thicknessby a small value, energy coef-
“cients receiw incremerts

P 5
¢CT=j¢R=4¢ dmkn cos® sin2u: (1.4.25)
LERF:

Let us consider the conclusionsfollowing from (1.4.21) through (1.4.25).
Factor T2 is a part of the expression(1.4.21), where T is transmittance for the
whole system. So, variations of the refractive indices would tell but insignif-
icantly on the spectral properties of a multilayer coating in the areas of high
re°ectance. This conclusionis further proved by experimental data: it is known
that refractive indices deviations mostly tell on the position of boundaries for
a high re°ectanceregion, but practically do not in°uence on the R value inside
the region.

Similarly, it follows from (1.4.22), (1.4.23) that small absorption in layers
hardly changesthe transmittance in high re°ection regions, but results in a
signi cantly more noticeable changeof the re°ectancesince¢ R=¢ T » 1=T. As
shown in (1.4.24), the sameextinction coezxcient of the layer causesa greater
increaseof A with lesstransmittance of the subsystemfollowing the absorbing
layer. Thus, in mirrors, the greatest contribution into the total absorption will
be made by outer layers. Note, lastly, that on certain conditions separatelayers
of a multila yer coating may happen to be highly absorbing even at small - . It
is connectedwith the fact that the ratio T=T;, being a part of (1.4.24) may be
great. Really, accordingto (1.3.34)

T Tg‘

Ti 1+RiRyj 2 RiRyco@p
n TZ n .
(1i " RiRz)2+ 4 RiRpsin’p’
As seenfrom (1.4.26), if ufor any layer is divisible by ¥4 and the re°ectances

from the framing subsystemsare closeto unit, the T=T; ratio is large. Sud
layerssene askind of resonators: the speci ed conditions for Ry; R;; uprovide a

(1.4.26)
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resonart accunulation of the wave energyin the layer due to multiple re°ections
from its boundariesand phasecondition

¢+ ¢9f 2 = 0(mod2y):

It is exactly the situation that exists for the certral layer of a narrow band-
passinterference lter. So,evena small absorption of the material of the certral
layer brings about a signi cant deterioration of the Tter properties.

Let us turn now to formula (1.4.25). Note that if u is divisible by %4 the
layer thicknessvariations in a rst approximation have no in°uence at all on the
values of the transmittance and re°ectance. This condition is satis ed at the
certral wavelength for all layers of quarter-wave dielectric mirrors and narrow
bandpass lters. So, the deviations of spectral characteristics from the calcu-
lated characteristics can be primarily accourted for by the refractive indices
variations and the absorption in the layers.

Expression (1.4.25) supports a conclusionthat layer thicknessesvariations
tell on the spectral characteristics signi cantly lessin the high re®ection region
than in other regions. This fact is revealedin re ning methods of multila yer
coating synthesis. It turns out that multilayer mirrors usedas starting designs
in synthesis may signi cantly change the spectral characteristics beyond the
re°ection region due to layer thicknessesvariations causing almost no changes
of the R-value within the region. In this way edge Tters, for instance, are
synthesized.

1.5 Multila yer periodic systems. Quarter-w ave
dielectric mirrors

Multila yer periodic systemsare of specialinterest primarily becausehey include
quarter-wave dielectric mirrors and multila yer interference Iters contain peri-
odic layer subsystems. The periodicity property allows to expressthe system
characteristic matrix through Chehbyshev polynomials.

Due to a wide application of quarter-wave mirrors and interference Tters, an
in-depth study of their spectral properties, an analysis of the layer parameters
errorsimpact, a researt of the in°uence of an absorption in dielectric layersare
essetial. Dueto special structures of the above systems,approximate analytical
expressionsdescribing the dependenceof their major spectral properties on the
layer parametersare possibleto obtain. Theseexpressionsare of great practical
value sincethey provide an easyqualitativ e and quartitativ e analysis of mirror
and Tter properties.

1.5.1 Characteristic matrix of a periodic multila yer sys-
tem

Let us considera two-material periodic multila yer systemconsisting of repetitiv e
layer pairs with n; and n; refractive indices and d; and d, thicknesses.Let us
designatethe number of periods as N. Thus the total number of the layersis
equalto 2N . Layerscanalsobe absorbing. In this casetheir complexrefractive
indicesare denotedasr; and r,. Let us designatethe product of characteristic
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matrices making up a period asA. In the generalcase taking accourt of (1.2.9),
we have

f

v
A= MM, = ann &

151
dy1  ax ( )

a;1 = COS' 1 COS' 5 j %sin‘ 1sin' ,;
7]
a;p = ! sin' 1 cos' 5 + ! cos' 1 sin' ,;
12 — — 1 2 - 1 2
o 07
ap1 = igy sin' 1¢cos' o+ igacos' 1SN’ 7;

ay; = COS' 1 COS' 7 j %sin‘ 1sin' ,;
th
where' 1 = kmq c0s°®1dy;" » = kny cos®,ds,

Ch = N1 COS°q; b = Ny COS°y; in the S case;
Ch = M=C0s°y; p = Np=C0Ss°y; in the P case:
The characteristic matrix of the whole systemequalsthe N -th power of the
A matrix:
M = (M M)N = AN: (1.5.2)

The Chebyshev polynomials allow to expressthe characteristic matrix el-
emerts with the help of the A-period matrix elemens. Before we show it,
let us de ne the Chehyshev polynomials and considersomeof their properties.
Strictly speaking,the polynomials we are interestedin are known assecond-ype
Chebyshev polynomials. Since we are not going to tackle polynomials of any
other type, we will further useonly the short-versionnamefor them everywhere,
exceptin the de nition.

It is easiestto de ne the U,(a) Chehyshev polynomials of the secondtype
with the help of the recurrent formula expressingan n-th order polynomial
through the nj 1andnj 2 order polynomials:

Un(a) = 2aU,; 1(8) i Up,; 2(a): (1.5.3)
The two rst polynomials are set as the initial valuesfor the recurrent for-
mula (1.5.3):
Uo(a) = 1;qquadU,;(a) = 2a:
With the help of the formula (1.5.3) it is possibleto 'nd consequetly a
Chebyshev polynomial of any power. Let us write out few rst ones:
Uy(a) = 4a° 1;
Us(a) = 8a% 4a;
Us(a) = 16a*| 12a% + 1;
Us(a) = 32a° 32a%+ 6:
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Note, that all polynomials of the even power are even functions, while those
of the odd power are odd functions.

Let us emphasizea useful property of the secondtype Chebyshev polynomi-
als. Let usintroduce the function

1 .

1 2ta+ t2’

It turns out that, expandedinto the Taylor serieswith respect to t, the
function will reveal coe+cients which are U, (a) polynomials:

F(ta) = (1.5.4)

h S
F(t;a) = U, (a)t":
n=0
Due to this property, function (1.5.4) is known as a secondtype Chebyshev
polynomial generating function.
With the help of Chebyshev polynomials, the M -matrix, being the N -th
power of the A-matrix, is expressedhrough the elemers of the latter according
to the formula

M:AN:

1
H a;Un; 1(8) i Un; 2(a) a2Un; 1(9) ) (1.5.5)
axnUn; 1(a) apUn; 1(a) i Uy 2(a) o

where the a-argumert of polynomials is a half-sum of the diagonal elemeris of
the A-matrix:
ajg + axp

a= 222 (1.5.6)

The simplest way to verify the result is to use the mathematical induction
method. It isvalid at N = 1, if U; 1(a) = 0, which doesnot cortradict to the
recurrent formula (1.5.3). Assumethat formula (1.5.5) is valid for the N-th
power of the A-matrix, and let us prove that a similar formula is also valid for
the N + 1-st power. Multiplying matrix (1.5.5) by A we obtain:

M = AN =
\l

0Un; 10 a11Unj 2 a2(2aUn;1i Unj2 . (15.7)
a(2aUn; 17 Unj2) @Unj1i a2Un; 2 o

where gy = af; + a12821; 0 = 1281 + 83,.

To reducethe record we omitted herethe Chebyshev polynomial argumerts
and, besides,took accourt of equation (1.5.6).

All the determinants of the layers characteristic matrices equala unit. Sois
the determinant of any product of thesematrices, the matrix A determinant, in
particular. Thus,

aiiaxp | appag; = L

Expressingas;ap; from here, we transform the diagonal elemeris of matrix
(1.5.7) into

2 . . _
(a1p + ap1a@2 i Un;1i atUn 2=
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a11(2aUn; 17 Unj2)i Unjg;
(a@z2i 1+ a@%)Un;1i a2Uy; 2=
a2(2aUn; 17 Unj2)i Unj o

Now, with the recurrent formula (1.5.3) taken into accourt, the matrix
(1.5.7) is written down in a way similar to (1.5.5):
U 1
AN+ = @nUn (@i Unja(a) aizUn; 1(a) .
azUn; 1(3) a2Un (@) i Un; 1(a)

Thus, the validity of the formula (1.5.5) is proved by induction.

Let us now turn our attention to the fact that in proving formula (1.5.5) we
only made use of the A-matrix determinant's equality to a unit. The speci c
content of A wasnot emphasizedasimportant. Thus, expression(1.5.5) is valid
for any periodic systemwith an arbitrary number of layersin a period.

1.5.2 Quarter-w ave mirror prop erties at the central wave-
length

The A-matrix elemens for a two-material periodic system are written out in
(1.5.1) and the Chebyshev polynomial argumert is equal to

1uq1 oQﬂ . .
®=cos' ;cos' i = —+ — sin' ;sin’' 5.
2 @
Let us nd with the help of (1.5.5) amplitude transmittance and re°ectance
of quarter-wave dielectric mirror at the certral wavelength , o. Let absorption
be lacking and incidence normal. Here in (1.5.1) we have ' 1 = knid;;" 2 =

knodo; g1 = ny;p = ny. By the de nition of the quarter-wave mirror

nid; = nady = | o=4

At the central wavelengthk = 2¥&= g and' ; = ' 5, = ¥#2. The A matrix
takesthe form

1
A= 1 M= 0
0 i No=ng
and the argument (1.5.8) turns to be equal to
1 H ni ngﬂ
a=j=- —+ —=
2 np np

Let us designatethe ratio of refractive indices of even and odd layersashb:

b= m:
n2
Taking this into accour, formula (1.5.5) gives
Moo 1
i b lUy; 1§ Uy 0
M= Nill PN 2 1.5.8
0 i bUNi 1i UNi 2 ( )

Due to a speci ¢ form of Chebyshevpolynomials argumert a = j (b+ bi 1)=2,
the recording of the matrix elemeris can be signi cantly simpli ed. With this
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in view, let us considerthe generating function (1.5.4). With a= j (b+ b 1)=2
it can be represetted as two simple co-factors:

1 1 1
1+ t(b+ b 1)+ t2 1+ btl+ b it’
ead of them easily expanding into a series:

1 — )4 ( 1)muntm. 1 — X ( 1)k
- 1 - 1
1+ bt o

tk
e e
. 1+ b it

(o

By multiplying the sequenceswe obtain the expansion of the generating

function (1.5.4):
" #
. * X
Fiti (b+ 0 h)=2]= (1" &"i"
n=0 m=0

Due to the generatingfunction property, the coe+cients are Chebyshevpoly-

nomials. It follows from here that

£ _ o X _ £ , a
Up i (b+bBH=2 =G 1" B "=(GD)" b"+b0"+ i+

m=0

Using the equation we obtain that in (1.5.8)

i Un;1i Unj2=GDNEN;

i bUyi1i Unj2= (G DVEY:

Thus the matrix (1.5.8) hasa very simple form:

. 1
ub N0

0

This expressionis obtained for a 2N -layer mirror. In order to obtain a
characteristic matrix of a quarter-wave mirror with an odd number of layers, it
is necessaryto nally multiply the matrix (1.5.9) on the left by the matrix of
the last layer.

This layer features the refractive index ny, and its matrix at the certral
wavelength is equal to

M = (j DN (1.5.9)

H 0 i i=n1
iing 0
As a result we obtain the following expressionfor the characteristic matrix
of the 2N + 1-layer mirror:

H 0 ibN =n1ﬂ

M = (i 1)N+l ibi an 0

(1.5.10)

Amplitude transmittance and re°ectance are obtained from (1.2.13),
(1.2.14). We have
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G )N2n, r_nab'”i nsbV

b= N+ ngy = TN - A N 1.5.11
nab N + nghN nao N + n bV ( )
for a 2N -layer mirror and
i(i DN 2nan nsnabY | nZb N
= nlr(1I bN) PR Ta = NI (1.5.12)
s'la 1 sNa 1

for a 2N + 1-layer one.

Remenber, that in (1.5.11), (1.5.12) b= n,=n; is a ratio of an even layers
refractive index and odd layers refractive index.

Let us nd what a phasechangeon re°ection at the certral wavelength is
equalto. Let b> 1,i.e., n; = ny;ny = n_. Note that a mirror with an
even number of layers will have the outer layer refractive index ny , while that
with an odd number of layersn, . With b> 1 and a suzciently large N, the
numerator in the expression(1.5.11) for r is negative, and in the expression
(1.5.12) it is positive. Sothe phasechangefor the 2N -layer mirror is equal to
% and that for a 2N + 1 -layer mirror equalszero. With b< 1 the signsin the
numerators for r will change, but simultaneously, the refractive indices of the
outer layers will change,too: the low oneswill grow high, and vice versa. It
meansthat quarter-wave mirrors at the certral wavelength irrespective of the
number of layers, will have the phase change equal to ¥ with the outer layer
refractive index equalto ny, and the phasechangeequalto zerowith the outer
layer refractive index equalto n, .

Let us determine now quarter-wave mirror re°ectance at the certral wave-
length. Assumethat rst the number of layersis evenand b> 1. From (1.5.11)
we obtain

. _ 5
(na=ng)bl 2N 1°
R= : 1.5.13
(na=ng)bi 2N + 1 ( )
It is worthwhile to represen the expressionin the following approximate
form:

(VR PN
RY1lj 408N = 1 g2 b (1.5.14)
Ns Ns Ny
Passingfrom (1.5.13) to (1.5.14) we discardedall the terms cortaining b 4N
factor. It is easyto nd the proof of it by subtracting (1.5.14) from (1.5.13).
For the overwhelming majorit y of mirrors practically employed, the bi *N value
is negligibly small. For instance, for a 10-layer mirror with refractive indices
H_ = 1:35for odd and ny = 2:30 for even layersb N = b 20 ¥, 2¢10 °. So,
the approximate expression(1.5.14) givesa high accuracy value of re°ectance.
Similarly, with b< 1, that is with n; = ny;n, = n., by discarding terms of
the b *N order, we obtain an approximate value for a 2N -layer mirror:
(VR PN
RYilj 405N = 1 428 o (1.5.15)
Na Na Ny
With the samenumber of layersand the samehigh and low refractive indices
expression(1.5.14) givesa greater value for R, asthe outer spaceis usually the
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air and n, = 1< ng. Thus a mirror with a high refractive index of the outer
layer has a higher re°ectance.

At an odd number of layers2N + 1, through similar simpli cation procedures,
we obtain in the caseof b> 1(n; = n_;n, = ny)

Lo Ton
2 2
RY1; 4L 2N =q1; 400 Mo (1.5.16)
nsna nsna nH
and in the caseof b< 1(ny = ny;nz; = n)
VI PN
nsn NsNa ' N
RY1j 42PN =1 452 L (15.17)
n? nZ  ny

In the secondcase,the refractive index of the odd layers is high and com-
paring (1.5.16) and (1.5.17) we can easily seethat a high refractive index of the
outer layer again revealshigher re°ectance.

1.5.3 Width of the quarter-w ave mirror high-re°ectance
zones

Let usinvestigatethe width of the quarter-wave mirror high-re°ectancezonesat
the normal incidenceand small deviations of the incidenceangle from zero. For
this purpose,let us considerthe matrix product of the period in the generalform
for the oblique incidence case. Let the layers of the mirror at this subsection
be non-absorbing, and, correspondingly, the layers refractive indices real. The
parametersof the layers making up a period are connectedthrough the equation

nid; = nadz = | 04

where | ¢ is a certain "xed wavelength (central wavelength, in accordancewith
adknowledgedterminology).

First of all, it is necessaryto determine what mirror high-re°ectance zones
are and what their boundariesare. As is known, asthe number of periods grows,
the residual transmittar‘@e in the high-re°ectance zonesdecreasesand the R(, )
curve takes ever more ~ -shape form. So, it would be natural to agreeto the
following de nition.

De nition 1.1 Mirror high-re°ectance zonesare wavelength regions, where
the transmittance tends to zeroasthe number of periods tendsto in nit y. The
zone on the extreme right of the wavelength axis is perceived as the principal
high-re°ectance zone.

Let us considerthe Chebyshev polynomial argument in the expressionfor
the system characteristic matrix. It dependson the wavelength of the incident
light (being connectedthrough the wavenumber k) and on the incidence angle
°a (through the °; and °;, anglesconnectedwith °, by the Snelllaw). Sofurther
we will designateit asa(,; °a).

Employing the Chebyshev polynomial properties, we can show that high-
re°ectance zonesare determined by the condition

ja(,; ca)i> L (1.5.18)
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We will usethis inequality asthe basisfor further analysis.

First of all, let usinvestigatethe position of high-re°ectancezonesat normal
light incidence. This condition obsened, ' ; and ' , in the expressionfor a
coincide and are equal to

2 7
' = knyd; = knpdy = 250 = 20

.42
tu.2 parametersare equal to corresponding refractive indices. So
VU H )l H 1
/4 0 1" n np ., Yo
; 0) = — iz —+ = — .5.
a(,; 0) = cog > i3 o sin > (1.5.19)

It follows from (1.5.19) that a(,; 0) cannot be more than a unit. Hence,
the condition of a a(,; 0) < j 1 must be obsened in the high-re°ectance zone,
whoseboundarieswill be de ned from the equation

a(;; 0= L (1.5.20)

Substituting (1.5.19) into (1.5.20) and expressingsine and cosine squares
through a double anglecosine,we will obtain the following equationto determine
the high-re°ectance zone boundaries:

Yyo _ N2+ n3j 6niny.

COS—— = W (1521)

B

Let us designatethe value in the right part of (1.5.21)as». It is easyto show
that »> j 1 (»=j 1only at ny = ny) and grows monotonously with a growing
ratio of high and low refractive indices. For practically all the materials em-
ployed » < 0. The solution of equation (1.5.21) can be conveniertly represened
in the ¥ o=, argumert trigonometry circle (seeFig. 1.11). A bold solid line
marks a part of the circle where condition a(,; 0) < j 1 is satis ed.

Let us designatethe upper and the lower boundaries of the high-re°ectance
zonesat normal light incidenceas, , and , g4, respectively. As follows from Fig.
1.11, they are determined from the formulas

— ]/4 .
U700 Om+ 1) arccos( »)’
Ya .

’ 01/z(2m + 1) + arccos( »)’

.d= (1.5.22)
where» = (n? + nZj 6n1ny)=(ny + ny)2.

Formulas (1.5.22) do not depend on the order of high and low refractive
index alteration. So,nq;n; in the expressionfor » can be altered for ny ;n; .

Theseformulas describe the boundariesof all high-re°ectance zones. For the
principal high-re°ectance zonem equalsto zero.

With m = 1;2;::: formulas (1.5.22) determine the boundariesof the adjacert
high-re°ectancezones,located on the wavelength axis to the left of the principal
one. The width of the adjacernt zonesde-creasedast as m grows, and usually,
only the “rst one of them is of any practical importance. A relative width of
the principal zoneis determined by the ratio

,u _ Yat arccosf ») .
.d Y arccosf »)’

(1.5.23)
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Fig. 1.11: On the determinationof the high-re°ectance zoneboundaries

Note, that, accordingto (1.5.22), (1.5.23), both the relative width and the
ratio of the boundary wavelengthsto the certral onedepend only on the ny =n_
ratio. Fig. 1.12 shows graphic dependenceof , ,=, 4;, v=,0 and , 4=, on the
ratio of the refractive indices within the range of ny =n_. changesfrom 1 to 3.

Now, let us considerhow the positions of high-re°ectance zoneschangewith
incidence deviations from the normal.

For ewery value of the °, the boundary wavelengths are found from the
equation

a(,; ®a) =i L (1.5.24)

Thus, equation (1.5.24) determines the boundary wavelengths as implicit
functions of °,.

Omitting the intermediate stages,let us passto the "nal expressionsfor the
boundariesdeviations from valuesat the normal incidence. Let us designatethe
upper and the lower boundary deviations as ¢ , , and ¢ , 4, respectively. The
formulas belov are obtained in approximation of small incidence deviations
from the normal. They are valid for all high-re°ectance zonesof the mirror. We
supply them simultaneously for the eld S- and P-componerts:

51

H )l P .
npNe(Np i N
1 1 . u HNC(NH i N) n2e2 (1.5.25)

1
4 2 2 1 2 2
.U 4 n§ nf Y4 o ng ny
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Fig. 1.12: Correlation betweenthe relative width of the principal
high-re°ectance zoneand the ratio of high and low refractive indices

(the positive sign beforethe secondterm in the squarebrackets correspondsto
the S-case,while the negative sign stands for the P-case),

. M 1 p_— .
¢ g 1" 1 1. ,a MRnC(ui nL)” 500
bd_ 1 + ; n2e 1.5.26
Lo 4 N nZ Yy ngn . (920

(the positive sign before the secondterm corresponds to the P-case,while the
negative sign stands for the S-case).

It is easyto show that the “rst terms in square brackets (1.5.25), (1.5.26)
are always greater than the secondones. Hence,¢ , .4 are always negative. So,
high-re®ectance zonesfor both S- and P -wavesshift into the short-wave part of
the spectrum with the incidence angle deviating from the normal.

In the S-case,the value of the upper boundary shift is smaller than that
of the lower boundary shift. In the P-case,the situation is reverse{a high-
re°ectance zone becomesmore narrow as °, grows.

The high-re°ectancezoneupper boundariesfor the S- and P -polarized waves
shift into the short-wave part of the spectrum with °, growing at di®eren
velocities, featuring a greater velocity for P-polarized wave. This e®ectcan
be usedto designlight polarizers. As follows from (1.5.25), (1.5.26) the e®ect
augmerts asthe ratio of high and low refractive indices grows.

The formulas (1.5.25), (1.5.26) do not only give a qualitativ e description
of the high-re°ectance zonespositions with the change of the light incidence.
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Within the range of 3(° incidence, an error in determining the boundary wave-
length shifts do not exceed5j 10% (Tikhonravov, 1983).

1.5.4 Principal prop erties of a quarter-w ave dielectric
mirror in the proximit y to the central wave length

The mirror properties are in°uenced by refractive indices errors, layer thick-
nesserrors, incidenceangle deviations from the normal. Here we will consider
the in°uencesof this factors holding them small. Let usalsoconsiderwavelength
deviations from the mirror certral wavelength small. In the “rst approximation,
the in°uence of all enumerated factors is inter-independert and when investi-
gating one, the others may be neglectedas non-existert.

A number of generalqualitativ e conclusionsrelated to the layer parameters
errors in°uence on the mirror properties were obtained and presened in Section
1.4. It wasnoted, amongother things, that thicknessesand refractive indiceser-
rors practically do not tell on the value of the re°ectance inside high-re°ectance
zones. Formulas (1.4.21)-(1.4.25) are signi cantly simpli ed for quarter-wave
mirrors at the certral wavelength. At , = | o, the phasethicknessof every layer
is equal to ¥#2, the phasechangeson re°ection ' ;, and ' ?2. are equalto 0
or Ysat the sametime (the former is the caseof a layer with high refractive
index, the latter beingthe caseof a layer with low refractive index). So,in all
formulas, sin2p = 0;sin" = L;sin(" § ',,)sin(C i ' 92) =8Lcog i 'r,)=
cos( j ' ?2) = 0, The right part of the expressionin formula (1.4.25) turns
into 0,i.e., T and R in the "rst approximation do not depend on errorsin layer
thicknesses.

Formula (1.4.21) takesthe form:

2P R+ PRy + P

TiT>
Expressions(1.3.34), (1.3.35) for energy coexcients of the two multila yer

subsystem combination are also simplied. Since co®2u = 1 at the certral
wavelength for all layers, it follows that

RiR>2) .

¢CR={¢T=82¢n (1.5.27)

P P®
Ri+ R
T2 g R= R (1.5.28)
1+ RiR 1+ RiR;

These equalities allow to further simplify expression(1.5.27). Taking them
into accourt, we obtain

¢CR=j¢T=8§2¢ nTp R=n: (1.5.29)

Formula (1.5.29) shaws that in a ‘rst approximation the in°uence of error
in refractive index of individual layer on the mirror energy coexcients doesnot
depend on the layer number but is exclusively determined by the ratio ¢ n=n.
The in°uence of the error is insigni cant, sinceanother small factor T comprises
apart of (1.5.29). So,if T » 1% and the relative error hasabout the samevalue
of 1%, then ¢ R » 0:02%, which is signi cantly smaller than the experimental
errors of the re°ectance measuremets.

Formulas (1.3.22)-(1.3.24),connectedwith a small absorption, canbewritten
down as follows, having in mind (1.5.28)
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¢T=; 2ol grine. (1.5.30)

n 1+ R1R;
pi
2VR R1T,
CR = P_— P —; 1.5.31
'"n "Ri+ R+ RiRy) ( )
L +
Az AA+RY (1.5.32)

nT]_

Expression (1.5.30) includes the small factor T besidesthe small parameter
.. Sothe absorption in the layerstells but insigni cantly on the transmittance
value. Valuesfor ¢ R and A, found from (1.5.31), (1.5.32) can be signi cantly
greater, if the T; value like the T value is small, while the T, value is large in
comparisonwith T. SinceT; is a transmittance of the layers following the one
under consideration, and T, is transmittance of the layers precedingit in the
mirror, absorption in the outer layers of the mirror exerts greatestin°uence on
the R and A coezxcients. Practically the whole of absorption comesto the rst
4-6 outer layers.

So, errors in layer thicknessesand refractive indices showv an insigni cant
in°uence on the energy coexcients of the mirror in the proximity of the certral
wavelength. At the sametime, absorption in the layers has a much greater
impact on them. Therefore, belon we will consideronly the in°uence of the last
of the factors in greater detail.

Let Ay = ny j i-y;AL = n_ j i- are complex refractive indices of
the mirror layers. The - ;- are supposedly small. Let us supply the nal
expressionfor re°ectance of a quarter-wave mirror at the certral wavelength
,0=4nydy = 4n_d_, (heredy and d_, are geometric thicknessesof a mirror
layers having, respectively, high and low refractive indices). In casewhen the
outer layer has a high refractive index (Giacomo, 1956)

2Y03(H + -
Lj): (1.5.33)

Here Rq is a re°ectance at the certral wavelength with no absorption in
the layers. Remenber, that the R, value can be calculated to a high degreeof
accuracy from approximate formulas (1.5.14), (1.5.17):

Ho Ton
RO = 1l 4ni nil' ;
ns nH

if the number of layersin a mirror is even and equalto 2N, and

VI PN
NaNs ' N

Ro=1j 45> =
ng Ny

if the number of layersis odd and equalto 2N + 1.
In caseof a low refractive index of the outer layer

2Y(-Lng + -yng).
na(n i n?)

R=Roj (1.5.34)

where Rq re°ectance can be calculated from the approximate formulas (1.5.15),
(1.5.16):

66



B Tan
Ro=1j 4& nil‘ :
na nH

if the number of layersin a mirror is even and equalto 2N, and

1

nE H n 2N

Ro=1j 4 — ;
NaNs NH

if it is odd and equals2N + 1.

Expressions(1.5.33), (1.5.34) are obtained as the "rst approximation with
respect to - and - 4. Besides,an additional approximation is made in the
courseof their deduction, similar to those made for formulas (1.5.14)-(1.5.17).
Their comparisonwith preciseonesshows that they adequately describe a de-
creasein the re°ectance causedby an absorption in the layers.

Unlike (1.5.30)-(1.5.32), expressions(1.5.33), (1.5.34) describe absorption
not in an individual layer of a mirror, but in all the layers at once. Since the
customary outer spaceis air (n, = 1), and ny ;n_. > 1changeof R in expression
(1.5.34) is signi cantly greater than that in (1.5.33). It meansthat mirrors
featuring a high refractive index of the outer layer shav smaller absorption
losses.

Let us now analyze the in°uence of small deviations of the incidence from
the normal and wavelength from the certral on the properties of quarter-wave
mirrors. Note, that the deviations causereal changesin the ' ; and ' , phase
thicknessesand in the q;;p parameters in expression(1.5.1) for the mirror
period matrix. Equivalent real changesin the values can be causedby layer
thicknessesand refractive indicesvariations. But, aswasshown at the beginning
of this section, n and d variations tell but insigni cantly on the valuesof mirror
energy coexcients. So, the in°uence of the incidenceangle and the wavelength
deviations on mirror energy coexcients, will also be insigni cant.

Howewer, these deviations may exert a noticeable in°uence on the phase
changeon re°ection. Mirror phasecharacteristics are also of great importance,
in particular, in connectionwith investigating interference lters properties. So,
let us supply the formula (Seeley 1964;Ishiguro and Kato, 1953),describingthe
value of the phasechange' ; at small °; and small deviations of wavelengths
¢.=.i .0

If the outer layer has a high refractive index, then

1 3
"= Yot y, M %, 14#25: (1.5.35)
NHi NL,o  2nync(ny i np)
It is outer layer has a low refractive index, then
Ny N ¢ Yana(n? i nyng + n?
=y HNL > 4 74 a( H I TTHTIL L)og: (1.5.36)

Na(MH i NL) .o 2 nunc(Nu i nu)

We supply these formulas without deduction processsinceit is time- and
space-consuming.

Let us only make one remark on the in°uence of absorption on the phase
properties of mirrors. We can show that in all casesin the expressionfor ' ;
there will also be small factors of the T order in all terms containing - ;- .
Due to this, absorption is insigni cant for the value of the phase change on
re°ection.
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1.5.5 Dielectric mirrors on a metal substrate

Here we will obtain simple analytical formulas describing major properties of
dielectric mirrors on a metal substrate. For this purposelet us consider,in the
most generalform, a systemconsisting of a multila yer dielectric coating applied
onto a surfacewith ngj i- ¢ complexrefractive index.

It is conveniert to expressthe systemas a combination of two subsystems,
the rst one being the boundary between media featuring ng i i- s and n,
refractive indices; and the other one a dielectric coating limited on both sides
by media with n, refractive indices. Then formula (1.3.32) with ' = 0 can be
usedin order to nd the amplitude re°ectance of the metal substrate mirror:

ra+ ra(tatdi rord
po 2 1(.2210 22): (1.5.37)
1| r1r2

Here, r; is an amplitude re°ectance of the Tst subsystem,t,;r;t3;r9 are
amplitude coezxcients of the dielectric coating in the direct and reverse (from
the substrate to the outer space)directions.

Amplitude re°ectancer; is equalto

Naj Ns+ i
M= ———
Ngt+Ngj I
and re°ectance Ry = jrij? is

_ (naj ns)2+ g

Rl_ —,
(ng+ ng)2+ -2

(1.5.38)
Let us denote the phaseshift on the re°ection from the boundary with the
substrate as' ;:

>+ Arctan —>— =
Nai Ns Na Ns

1 = argrp = Arctan

= Y4 arctan % (1.5.39)
s si N3
Assume rst that a dielectric coating is non-absorbing. Then the re°ectance
from both sidesof the coating is identical: jr,j? = jr9j> = R,. Let us assume
', and ' 3 as phaseshifts on the re°ections from di®erert sidesof a coating:
» = argry;' 9 = argrd. Assumealso A, = argt,;A9 = argtd. When there is
no absorption, the formula (seeSection 1.3) is valid:

A, = AS; 28,= Y4 ' ai 'S (1.5.40)
Using the designationsintroduced in (1.5.40), we can put down expression
(1.5.37) asfollows:
P P, 40
Rznl Rlel( ) ' 2.
1 PRR,eC D e 2 (1.5.41)

For the re°ectance R = jrj? we obtain

r =

_ Ri+Rzj ZF:‘Rlecos( 1+ 3) .
1+ RiRz2i 2 RiRzcos( 1+'9)’
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which can be corveniertly rewritten as

(i R)Ai Ra) :
1+ RiR2j 2 RiRzcos( 1+ '9)

Let us study the R coezxcient in the proximity of the certral wavelength of
the quarter-wave mirror. Assumefor the sake of simplicity, that in the proxim-
ity of , o, the dispersion of the complex refractive index of the metal is small,
and Ry;' 1 may be regardedas constarts. Sincemetals usually have - s, signi -
cartly larger that ng, and n,, the value of Ry is closeto 1, and' ; closeto Y(see
(1.5.38), (1.5.39)). As was shawn in the previous section, in the rst approxi-
mation the phaseshift on the re°ection ' 5 grows linearly in the proximity of | g,
and the R, value doesnot change. So, near the certral wavelength in (1.5.42)
only coq' 1 + ' 3) changein the rst approximation. Note, that the maximal
value of R in (1.5.42) is obtained at cos( 1+ ' 3) = +1, while the minimal value
at cog' 1 +'9) =i 1. Depending on the structure of a dielectric mirror in the
proximity of , o one of these conditions is ful Tled.

If the metal substrate is adjacert to the layer with low refractive index, the
' 5 value is determined from the formula

R=1j (1.5.42)

Ny N 1
9= H.L ST
Na(Nu i NL) Lo
At
na(ng j n 2-sn :
L= o 1+ NalMn i M) oian 2sfa (1.5.43)
Ynune -2+ nZj n3

the sum' ; + ' 9isequalto %sand cos( 1+ ' J) = | 1. The maximal value of R
equalsto:

(i R Ry),
1+ RiR2)?

This value can be very high. Let, for instance, R; = R, = 0:9. Then
Rmax > 0:997. The re°ectance value all over high re°ection zoneis almost as
high. So, a two-componert system of quarter-wave dielectric layers on a metal
substrateis a good re°ector. To achieve a high re°ectance of a mirror on a metal
substrate, it requiressigni cantly fewer layersthan a usual quarter-wave mirror
on a dielectric substrate has. Note, that accordingto (1.5.43), the wavelength
giving a re°ectance maximum is shifted in the direction of large values with
respect to the certral wavelength of quarter-wave layers.

Let now, alayerwith a high refractiveindex be adjacert to a metal substrate.
Then the phaseshift ' 5 is found from the formula

M 1
Na
Yot Yo—o— 2 1
NHi NL Lo
The sumof' ; and' 9 in the proximity of , o is closeto 2% At wavelength

Rmax

v 0 —
2=

Ny i NL 2 sNa
= 1+ ———arctan ———— 1.5.44
. =0 . ZrnZi ( )

the following equalities are valid: ' ; + ' 3 = 2%and cos( ; + ' 9) = 1. At this
value of , , the re°ectanceis minimal and equal to

69



HpR—i PR—Zﬂz.

1| R1R>

The Rpin value may be very small. When, whenR; = Ry, it turns into 0. It
meansthat in the proximity of , o there may exist deepgapsin the re°ectance
curve. It is highly undesirable for a mirror. Hence, a conclusion follows that
mirrors on a metal substrate should not have a high refractive index in the rst
layer from the substrate.

Now, let us considerthe in°uence of small absorption in dielectric layerson
the mirror re°ectance.

We can show that the change of the energy coexcient R in the area of
re°ectance maximum is determined from the approximate formula

(Ti RY@i Ra)
1+ RiRz)?

Rmin =

R = Rmax i p(): 1j I’(-); (1-5-45)

where

2l/‘na(' Ht 'L)
P() = — v
(ng i nf)
if the outer layer has a high refractive index, and

2Y(-Lnj + -unE).

na(ng i nf)
if the outer layer has a low refractive index.

Thus, absorption in dielectric layers of a quarter-wave mirror on a metal
substrate results in a similar decreaseof re°ectance as for mirrors on dielectric
substrates. Note, that formula (1.5.45) gives values for R which are closeto
those calculated from preciserecurrent formulas.

The re°ectance decreasein mirrors with high refractive index of the outer
layer is smaller. It was showvn above that the substrate should be adjacert to
a low refractive index layer. Thus, quarter-wave mirrors on a metal substrate
must have an even number of layers. Theoretically, the Ry Vvalue is closeto
100%in caseof 6-8 layers of coating. Howewer, as formula (1.5.45) shaws, the
lossesin dielectric layers are an obstacle on the way of obtaining super high
re°ectance.

p(-) =

1.6 Appro ximate form ulas for dielectric narrow
bandpass lters

This section does not consider the whole of the diversity of dielectric narrow
bandpass Tters. A detailed description of various designsof narrow bandpass
“Tters can be found in A.Thelen's book (1989). Here we analyze the in°uence
of absorption and deviation of the incidence angle on the spectral properties
of the “Tters in the proximity of their certral wavelength. The dependenceof
the “Tter properties on the errors in the refractive indices and layer thicknesses
is not consideredhere as the in°uence of the factors can be to a great extent
overcome due to a selection of the monitoring method for coating deposition
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(Furman, 1977). In more detailed way many questions connectedwith inves-
tigating dielectric narrow bandpass lters are consideredin the Sh.A.Furman
book (1977).

1.6.1 Common expressions for spectral coezcien ts of
‘Tter-t ype systems near central wavelength

It is sensibleto begin the analysis with the deduction of common formulas for
transmittance, re°ectance and absorptance of special type multilayer systems
to be further referredto as " Tter-t ype systems".

A standard narrow bandpass Tter is a multila yer system consisting of two
guarter-wave mirrors with a half-wave layer placed betweenthem. The phase
changeson re°ection from mirrors at the certral wavelength are both equal to
either zeroor ¥ the double phasethicknessof the spacerlayer equals2¥ Thus,
the puvaluein (1.3.34), (1.3.35) at the Tter certral wavelength is divisible by ¥
in all cases.

We made this remark for the purposeof clarifying from the very start the
phasecondition conceptthat we introduce for “Tter-t ype systems. Let us now
outline systemsto be designatedby this term. Let us study the systemin Fig.
1.9, consisting of two multila yer subsystemswith a spacerlayer betweenthem.
Below, we will use designationsintroduced in subsection1.3.3. Suppose, the
subsystemre®ectancesare closeto a unit, and that they, like the spacerlayer,
are slightly absorbing. Further they will be referred to as mirrors 1 and 2,
respectively. Let us denote the multilayer system in question as a “lter-t ype
system if the following condition is satis ed at a certain wavelength , o and
the normal incidence: the W value calculated without an absorption taken into
accoun, is divisible by %2 We will also call the wavelength , ¢ certral.

The following two formulas from subsection1.3.3will be usedasinitial ones
for the Tter-t ype systemreseart:

| ei' . Oqj '
= %; (1.6.1)
r_ € +ra(ttdi rorje’ (1.6.2)

t tito

We will investigate the system properties in the proximity of the certral
wavelength at the incidence closeto the normal. It is evidert from the above
that the senior terms connected with the incidence angle, will be of the °2
order. Let K be the imaginary part of the spacerlayer refractive index. We
supposedit be a small value. Let us considerthe parameterscharacterizing the
absorption in mirrors 1 and 2 to be valuesof the sameorder as- . Later we will
intro duce the concretevaluesof these parameters, while for the time being, the
supposition is suzcient to obtain the main formulas, describingthe properties of
the “Tter-t ype systems. All the calculations will be carried out with an accuracy
to the rst orderof ¢, = | i ,o;°2 and - . Besides,we will neglectthe terms
corntaining small factors of the mirror transmittances alongsidewith the small
parameters.

The mirrors characteristics at the certral wavelength, normal incidenceand
in non-absorbing casewill be marked with the O upper index. Assume,
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' 0= (2¥F, o)nd;

wheren is a real part of the spacerlayer refractive index, and d is its thickness.
Let us put down the amplitude re°ectancesof the mirrors as

9 — -
ri= R} @l v
qg—
ro = Rgl @}Ze'( 2t 2);

g

rg: Rgl ®(2)e|( £2D+—g):

Here we designatedall the terms of the "rst order of smallnesswith respect
to ¢ ,; °2;. taking accourt of the in°uence of the corresponding factors as
®p;®;® and "1; ;9. Sincethe amplitude transmittances are small, we will
neglectthe above factors in°uence, and assume

r

n iX O
tp = —T2eM1;
S

r
n iX O
tr, = iTgéAz;
n
' n
A O
t9 = n—Tzoe'AZ:

a

It hasbeentakeninto accourt herethat the phasechangeson transmission
in the direct and reversedirections are identieal— The following equations have
also beentaken into accourt: T = (ne=n) 19 ;T9 = T® = (n=n,) 13~ =

—n) 10 2
(na=n) t3’ ".

Taking accourt of the energy equation R = 1 T?, the smallnessof the
transmittance Tl0 and terms ®;; 1, fa we may re- write the expressionfor the
r; amplitude re°ectancein the following approximate form:

2 (1 7922 ®&=2+i )& 1

Similarly, we will put down the remaining amplitude re°ectances. Desig-
nating as ¢ ' a changein the spacerlayer phasethicknessconnectedwith the
wavelength deviation from the certral one, the deviation of the incidenceangle
from the normal and absorption taken account of, we will have the following:

IJ- 21 Zﬂ
¢ n .
¢’ — .10 > 4 _aa .o 07: 1.6.3
Bl R (16.3)
At small valuesof ¢
d =l )2 1+i¢")e o

e’ 2(1i¢)e o

Let us substitute all the approximate equalitiesinto (1.6.1) and (1.6.2), bear-
ing in mind the phaserelation (1.3.26) for mirror 2:
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‘9= v v 9+ 2A9
as well asthe fact that accordingto “Tter-t ype systemde nition, the
of' 9+ ' P 2 9isdivisible by 2¥4
As a result, we obtain the following:

r a

1 s i 0© o 0 ) L,
= ——55€ T+ T+ ® + =2+ 2¢" ji( 1+ ;
t naT](_)TZO (l 2 ®l ®2)) | (1 2)
r—
r n 0,000 ) S
0= =o€ D (T T @+ @)=2+ 2i¢ j i(Ti+ D)
t NaT;T;

value

a

Let us multiply the square modules of the expressionsby ny=ns. Here we

obtain two relations for “Tter-t ype system energy coexcients:

1_ 1" 0 0 . & — —0 . .20.
T T T2+ T2+ @+ @ 4me' “+ (2 1+2 2 4Ret" )" ;
R 1 M, _ & 22
T ToT0 T2 T9+ @+ @ 4me' “+ (2 1+2 2 4Ret ' )" ;
(1.6.4)
Intro ducing the following designations:
C_Tlo_ X_®1+®8i4|m¢'.
Ty - T9 ’
2.+ 29 4Ret"
= Z2a* 220 AReC”, (1.6.5)
T2
and applying them, we will obtain from (1.6.4) that:
= ac 5 ; (1.6.6)
(1+ctx)°+y?
L N2 02
+
r= (Lici X *y, (1.6.7)
(1+c+x)?+y2
We also obtain from the energyequation A= 1j R T that:
= a (1.6.8)

S @rcrxiry?

The obtained expressionssimplify the study of principal properties of various

narrow bandpass lters. In the following subsectionwe will apply them

for the

analysis of two-material dielectric "Tters, consistingof two quarter-wave mirrors

and a half- wave spacerlayer.
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1.6.2 Research of narro w bandpass Tters with a half-w ave
central layer

In the subsectionwe will obtain simple approximate expressionsfor the “lter
transmittance maximum, its half-width at the O:5Tax level, transmittance
maximum wavelength shift with the incidencedeviation from the normal.

If the spacer(certral) layer has a low refractive index, the adjacert outer
layers of the mirrors have a high refractive index. Here we obtain from (1.5.33)
and (1.5.35) that

ne(p+ 1),
nZ i n?

®1:®g:21/

. 2
n. ,i,o Y ng 02.

&

NHi NL Lo 2ny (N i np)

where the ° angleis connectedwith the °q incidenceangle by the equation
n_° = ny°,. In casewhenthe spacerlayer hasa high index the adjacert mirror
layers have a low refractive index, and it follows from (1.5.34) and (1.5.36) that

- —0_—
1= 2_1

2 2
LN + -n *tnf

= @& = 2v.
® = &= 2% Ny (Ng + np)
- _ n. i .o YaZ i ngn_ + n?
1= g: A s >0 4 71H L02;
(nyin) Lo 2 ne(ny i n)

wherethe ° angleis determined through °, from the equationny © = ny°5.

The phasethickness' © in (1.6.3)is equalto ¥ sincend = | =2. Substituting
concretevaluesinto (1.6.5), we obtain for the low refractive index of the certral
layer

i
_ 41/4nﬁ-|_+nf-H
To2n (3 i n?)

_41/4 ny i .0
T2 (nwi nu) Lo

2 . 2
N i MHNL+ N 5,0

B

1.6.9
2n?ny(np j ng) 22 ( )
In the caseof the high refractive index of the certral layer, we have
_ Ay (nt-L),
T nZjn2 ~’
_ ﬂét. nL Lo

T2 (nwi nu) Lo

! n2e2 (1.6.10)

+ —
2n (ny i n) 2 °

As follows from (1.6.9), (1.6.10) extinction coezcients enter the formulas
(1.6.6)- (1.6.8) only through x, while the wavelength and incidence angle are
only manifested through vy.
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It follows from formula (1.6.6) that the transmittance maximum is attained
aty = 0. It equals

4c

tmax =

At the normal incidence,the value of y = 0 is attained at the certral wave-

length , o. With the incidencedeviation from the normal the "Tter transmittance

maximum is shifted toward shorter wavelengths. The shift value (designatedas

+, ) is determined from the condition y = 0. We obtain from (1.6.9) for the
certral layer low refractive index

x, - (n,%' i Npng + nE)ngoZ. (1612)
.0 2nZ n? a

while (1.6.10) givesfor the certral layer high refractive index

£ nz _,

> e 1.6.13
,o2nyng @ ( )

The shape of the transmittance curve doesnot change.

In the caseof no-absorption (x = 0) and normal incidence,the transmittance

maximum equals

4c
0 — .
Tmax - (1 + k) 2"

The c-value is a ratio of the 'Tter front and badk mirrors transmittances. If
the mirrors have the samenumber of layers, then, depending on the order of
layerswith high and low refractive indicesit equalsn,=ns or ng=n, (the former
stands for a low refractive index of the “rst from the substrate layer, while the
secondonerepreseits the high refractive index of the rst layer). In both cases,

(1.6.14)

4nang

T — =
(na + ng)?

max
This value coincideswith the transmittance of the boundary between the
outer spaceand substrate, and is usually closeto a unit. For instance, for
ns = 1:52,n, = 1:00 we obtain Tmnax 2 0:96.
Let us nd the half width of the TTter at the level of T = 0:5Tax in non-
absorbing case. We designateit as ¢, °. Let the light incidence be normal.
Then the half-width is found from equation

y=1+Kk (1.6.15)

where

2% ny ¢,0_

Tdngine .o

Let the number of layersin the mirrors be equal to m, (consequetly, the
total number of layersis 2m+ 1). In orderto nd the transmittance T, we can
make use of the approximate formulas from the subsection1.5.2. Let, rst, the
number of layersin a mirror be evenand a high refractive index layer is adjacert
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to the substrate. Then k = ngs=n,, and we have the following approximate
expressionfor T2:
m
T20 » 4& o
Ny Ny

Substituting thesevalue in (1.6.15), we nd that

¢,°_ 200+ n)(nu i n) Hn T

5

, 0 Vnﬁ Ny

(1.6.16)

Let again the number of layersin a mirror be even, but the layer adjacert
to the substrate has a low refractive index. Then k = ny=ns and

TR

n n

TR 4 TE
a H

We obtain from (1.6.15) that

ﬂm+1

5

s 0 Ynans Ny

¢.° _ 20+ n)nu i n) M e (1617

It is easyto seethat with an odd m the sameformulas are obtained: (1.6.16)
being the casefor high, (1.6.17) being the casefor low refractive index of the
“rst layer from the substrate.

Absorption decreasesthe TTter transmittance. Even at small - ;- the
decreasecan be signi cant asthe denominator for x-expressiondncludesa small
value of T2, the front mirror transmittance. We will obtain a more corveniert
expression(comparedto (1.6.11)) for the Tter transmittance maximum in case
of absorption. Let us then write down (1.6.11) in the following form

2c M « 'ﬂz_ Anan, _Ll « P

T = = 1+ = = +
T 1+ 02 1+c (Na + ns)?2 1+c

(1.6.18)

In caseof low refractive index of the certral layer, we obtain from (1.6.9)
X _ 4, nﬁ, Lt nE “H
1+c T2+ c) n.(n3 i n?)

It follows from (1.6.15) that

(1.6.19)

2 nying u¢,°ﬂil_
T20(1+C)_ Ny , 0

Substituting this expressioninto (1.6.19), and then into (1.6.18) we obtain:

" “
H T 1% 2
4n,ng . nZ-L+n2.y ¢ 07

= __—- > 1.6.2
(na + ng)? nene(ng +nL) Lo (1.6.20)

max

In a similar way, but for the caseof the TTter certral layer having a high
refractive index, we obtain
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L2
4nan5 'H+'L“¢°Oﬂlll

- (na + ng)? Ny + N )

(1.6.21)

max

The Tter half-width in caseof absorption will also di®erfrom ¢, ©. Let us
designateit as ¢ , . In order to determine ¢ | we have the following instead of
(1.6.15):

y=1l+ctx (1.6.22)

where
_ §4 Ny ¢
T2nuine .o’

It follows immediately from (1.6.16) and (1.6.22) that

£

¢ X
==1+ :
¢, 0 1+ ¢c
Thus, in caseof absorption, the "Tter half-width grows. By way of non-
complicated calculations, we obtain from (1.6.23) for the certral layer low re-

fractive index

(1.6.23)

¢ ¢ 0 nﬁ -yt nE L
= 2 ; 1.6.24
¢,0 ¢, Ny +ng ( )
and for the high refractive index of the certral layer
0 AR
C. _ % L mtou (1.6.25)

¢>0_¢’0 nH+nL'

From (1.6.23) and expressionsfor Tnax and T0,, (1.6.11), (1.6.14) the fol-
lowing relation betweenthe Tter transmittance maximum and its half-width in
caseof absorption and in non-absorbing casetakesplace:

@, )ZTmaX = (¢, O)ZTrﬂax : (1.6.26)

In this section we con ned ourseles to considering narrow bandpass di-
electric “Tters featuring exclusively half-wave certral layerswith the purposeto
obtain shorter nal expressions.With the help of the relation (1.6.6) it would be
also possibleto consider Tters whosecertral layer optical thicknessesare equal
to ¥2,0=2, with Y%always being an integer. However, the expressionsobtained in
this caseare more complicated.

Let us note in conclusion that the formulas obtained in this section ade-
quately describe Tters properties. This is further proved by the comparison
of the values obtained from them and the results of calculations through pre-
ciserecurrent formulas. chapterSYNTHESIS OF MULTILA YER OPTICAL
COATINGS

The synthesis problems are opposite to those consideredin the previous
chapter. There we analyzed how, given the parameters of a layered system, to
determineits spectral properties and to investigatethe impact of various factors.
The tasks of the synthesis require the reverse: to determine the parameters of
the coating featuring the sougltt for spectral properties. We should emphasize
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at once, that solving the synthesis problems we should always keep in mind
a sub-sequen practical implementation of coatings. It means, that seeking
for solutions, we should take into consideration the conditions of engineering
implemenrtabilit y of the results.

A synthesis by way of analysis is a possible approac to the coating de-
sign. When investigating analysis problems, some properties of coatings which
can immediately be employed in solving someparticular synthesis problems are
found. Thus, simple formulas for quarter-wave dielectric mirrors make it possi-
ble to determine the number of layersand optical thicknessegroviding a pre-set
re°ectance level at a certain given wavelength.

However, only a few problems can be solved on the basis of analysis, and
very frequertly, analysis preseris a far-from-optimal way of solution. So dur-
ing the last three decadesgreat signi cance has been attached to elaborating
synthesis methods proper. It should be stated that so far there is no universal
synthesis method capableto provide optimal solutions of all the problems aris-
ing in practice. We canenumerate up to a dozenmethods that have proved their
practical signi cance and have beena valuable and comprehensie cortribution
to optical coating design. A complete and reliable comparative review of the
methods employed was recertly suggestedby J.A.Dobrowolski (1986).

We believe that at the presen stageof developmert, a rational combination
of various methods based mostly on the merit function optimization is most
promising. Here we will try to prove our point of view. With the number of
layersin a coating not exceeding6-8, modern computer methods of merit func-
tion optimization enable obtaining a reliable global minimum (optimal design)
within reason-abletime. When starting designsare used, optimization methods
a®ord good results even with a considerably greater number of layers. Thus,
optimization methods have wide potentials of their own. Besides,they are much
simpler in mastering and more comprehensie in application. It is for this rea-
son, primarily , that we considerthem basic. The major conceptsand a number
of characteristic peculiarities of the optimization methods are the subject matter
of the “rst sectionin the chapter.

Seriousditculties arisein employing any method, including the merit func-
tion optimization one, when the number of layers of a synthesized coating is
great, but the starting designis unknown. Further, we will considertwo most
fruitful, to our mind, approachesto overcomingtheseditculties.

1.7 Synthesis metho ds based on merit function
optimization

Here we consider principal questionsrelated to the design of two-componert
optical coatings with pre-set alternating refractive indices ny and n_.. The
values sough for in synthesis are the layer thicknesses. As a mathematical
investigation (Sveshnikov and Tikhonravov, 1987) shows, optimal solutions for
synthesisproblemsfrequertly ought to be sought for amongthis type of coatings.
It follows from the results of the researd, that materials featuring maximal
di®erencebetweenny and n. are most promising in designingtwo-componert
coatings.

We should note, that the conclusionconcerningoptimalit y of two-componert
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coatingsmay prove invalid when the number of layersis rigidly limited. Thus, a
three-layer antire°ection coating with three di®erert refractive indicesmay turn

better than a two-component antire®ection coating featuring the samenumber
of layers (but it will in all casesbe worse than two-componert coatings with

a bigger number of layers). So, when the number of layers is strictly limited,

it is worthwhile to determine their refractive indices. Corresponding methods
may be basedupon the results described in this section. Let us emphasize,
howewer, that of greatest interest at presen are methods for two-componert

coating designand, moreover, this type of coatings provesto be most corveniert

technologically.

1.7.1 Merit function selection

For the sake of certainty, let us consider the synthesis problem for two-
componert multilayer dielectric coatings at the normal incidence. The sough
for spectral characteristic here will be an energy re°ection coexcient. Let us
denote the target re°ectance dependenceas R(, ). Generally speaking there is
no coating featuring an exactly required re°ectance R(, ). So,we canonly speak
about designinga multila yer coating whosere°ectanceis in somerespect close
to R(, ).

Let the number of layers equalsm. We will discussthe question of deter-
mining the number of layers later. Sincethe refractive indices are pre-set, (we
also consider their alternation order as pre-set), the values sough for in syn-

Let us denote the re°ectance of a multila yer coating de ned by the X pa-
rameter vector, asR(X;, ).

Let, 4;, u arerespectively the lower and the upper boundariesof the spectral
band of interest. In order to assesshe coating re°ectanceproximity to the target
dependenceR(, ) let us introduce the merit function

Z ,h i)
F(X) = R(X;.,)i R(,) d.:
s d
The merit function in (2.1.1) is known as mean square estimation. It is
very computationally corveniert primarily becausethe F(X) function can be
di®erertiated with respect to X (seethe next subsection). A disadvantage of
the mean square estimation is its low sensitivity to spectrally narrow but big
deviations of R(X;,) from R(, ). Howewer, these deviations often prove to be
of little signi cance from the physical point of view. Besides,they are not
obligatory, in fact, they are exceptionally rare when a number of layersis small.
Sothe mean squaremerit function is widely applied in synthesis.
The mean square merit function is often entered by non-negative weight
function A(, ):

(1.7.1)

Z., h i)
F(X)= AL R(X5,) 0 R() d (1.7.2)
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The introduction of the weight function allows to estimate the proximity of
R(X;,) and R(,) in di®erent ways at various parts of the spectrum and thus
achieve a closerproximity betweenR(X;,) and R(, ) in most vital parts at the
expenseof a possibledecreaseof the approximation precisionin others.

Many problems require homogeneousapproximation to the target function
R(,). For instance, when designing achromatic antire®ection coatings, a pos-
sibly more ewven kind of the spectral dependenceof the residual re°ection is
sought for. From the point of view of these problems the so-calledeven estima-
tion would be a most adequateform of the merit function:

F(X)= max JR(X:,)i R()L: (17.3)

But this merit function is exceptionally rarely applied in the optical coat-
ing synthesis. This is accounted for by a relatively complicated way of the
merit function optimization. The maximum-type function is not di®ereriable
with respect to X and so most widely spread optimization methods employing
the F(X) derivatives are not applicable here. At the sametime it should be
noted that the synthesis methods basedon the (2.1.3) type merit function are
quite possible. Such methods are successfullyelaborated for solving synthesis
problemsin radiophysics (Katz, Meshanw and Feldstein, 1984).

Alongside with the possibility of employing merit function (2.1.3) an alter-
nate method of obtaining a more homogeneousstimation exists. It is suzcient
to slightly change the form of the function (2.1.2) for the purpose. Let us
substitute the power index 2 in (2.1.2) for a larger integer n:

Z s U h I n
F(X)= AlL) R(X:,) i R() d: (1.7.4)
. d

It can easily be seenthat the merit function becomesunder theseconditions
more sensitive to the non-uniform di®erencebetweenR(X;, ) and R(, ). A strict
mathematical statemert is valid that whenn ! 1 the merit function (2.1.4)
with A(,) = 1 turns into an even estimation (2.1.3). Thus, when the resulting
spectral dependenceis not adequately uniform in approximating the sough one
it is expediert to just increasethe power index in (2.1.2). This is, calculationally,
a simpler way, asthe function (2.1.4) is di®erertiable with respectto X.

In a numerical solution of the synthesis problem, it is impossibleto calculate
R(X;,) at all points of the spectral band. So, let us introduce some set of
wavelength values for the band. Let the total number of points in the setis

equalto L. Let usdenotethe points as, 1;, 2;:::;, L. Below wewill discussthe
selection of the points and their location when we consider numerical examples
of synthesis.

Integrals are always calculated on the computer by some approximate for-
mula. All approximate formulas turn integral calculation to summing on the
given wavelength set. In this connection, it is natural to write down the merit
function from the very beginning as

X _h P
FX)= A RX;,Di R(G) (1.7.5)
I=1
where A axe the given non-negative weight factors.
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Below we will always hold that the merit function takesthe form (2.1.5).
The weight factors vi at the beginning of the synthesis axe usually assumed
to be equalto a unit. Further on, their values can be adjusted depending on
the results obtained (seethe remark concerningthe weight function selection
above).

1.7.2 Merit function optimization

Synthesis methods based on the merit function optimization, actually bring
the seard for the solution down to one-time or re-iterated minimization of the
function. Di®erert versionsof the general pattern of the solution seart will
be consideredbelow. For the presen, we will con ne ourselesto the merit
function optimization processproper.

A number of good books deal with the optimization methods (see, e.g.,
Himmelblau, 1972). Sowe will not dwell into mathematical details and discuss
the whole diversity of the methods suitable for the synthesis problems. Let us
considerjust a few basic methods, and discussprimarily the calculative aspects,
speci ¢ of the multila yer optical coatings synthesis problems.

In our experiencevarious gradient methods are excient for a seart of the
merit function minimum. All the methods of the type imply re-iterated cal-
culations of the merit function and its gradiert, i.e., the vector comprised by
partial derivatives of the merit function with respect to the layers souglit for
parameters. These two operations are essetial, and so the rate and precision
of their ful'llmen t determine to a considerabledegreethe calculation potentials
of the method.

Recurrent methods of spectral coe+cients calculation consideredin Chap-
ter 1 enable a high speed and calculation precision in determining the merit
function. With the normal incidenceand no absorption in the layers recurrent
formulas for the amplitude re°ectance takesthe following form 1%:

, P2
Ny j Ng Fi+1; t Ij;0€ ] .
ro= ——li+10= : ——(j = L::m); 1.7.6
1= o peifine = Th i ) (17.6)
where
Nj+1 | Nj 2Y4
) - M+l I A -
g = S = S (1.7.7)

Nj+1 + Nj

5

In theseformulas, ng = ng, isthe substraterefractiveindex, nm+i = na isthe

take the valuesof ny and n .
The re°ectanceis expressedhrough r accordingto the formula:

R=jrm+ ;0].2 = r;]+1 0fm+1;0° (1.7.8)
In order to calculate the merit function (2.1.5), it is necessaryto calculate
R(X;,|) re®ectance valuesL times at , = ,;:::;, L following the formulas

4The (2.1.6) and (2.1.7) formulas are more economical than the matrix formulas. Soit is
preferable to use them when it is necessaryto calculate re°ectance only. If a necessity arises
to calculate transmittance and absorptance also, matrix formulas are preferable.
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(2.1.6)-(2.1.8). Here, the valuesof the layer thicknessesn (2.1.7) are set by the
X -vector coordinates.
Let us now discusscalculation of the merit function gradiert:

Frequertly approximate formulas are applied to calculate the F -function deriva-
tives:

Q» F(dy;iiide + €de;iii;dm)i F(dg;iio;de;iiisdm).
@i ¢ dk '

It is evident in this casethat in order to determine r F it is necessaryto
additionally calculate the merit function m times alternately giving small incre-
ments to all the thicknesses.This, naturally, results in an extended calculation
time. Note also, that in this way the derivativesare sometimescalculated with
a low precision level, especially near the local minima of the merit function.

So it is preferable to use another way of calculating r F. It is basedon
the preciseanalytical expressionsfor the merit function partial derivatives. Let
us deduce these expressionsfor the function (2.1.5) under investigation and
selectedmethod of the re°ectance calculation 2In casewhen the matrix method
is employed, the merit function derivativesmay be calculated from expressions
obtained in Section 1.4 for spectral coexcients derivatives..

Let the thicknessof the k-th layer changeby the small value +. Determine
the major incremert term of the amplitude re°ectance with respect to +. It
is evidert that with the thicknessvariation of the k-th layer r;.; .0 changesif
j . k. It is easyto calculate that the rj .1 .0 changeis equal to

A
Cresr;0= i I—Nkrg;o

With j > k the incremerts of r; +1 .o canbe expressedhrough r;j.q incremert.
Then we obtain

.2
1i rger«

g 2« < ¥
(L+ risq krioe 2" «)2

(1.7.9)

o2
Li iy
(L+ rjearj 08 2 1)2

Crivpo=6€ 2" ¢rj.o (1.7.10)
Let usintroducethe variable 2 ; setting a recurrent formula for 2 ; calcula-
tion in the opposite, comparedto r;.o, direction:

o2
Li Mg

a. = @ 21" i
(L+ rjearj08 2 5)2

J

., (1.7.11)

Let uscall it a conjugate variable. The initial valuefor 2 j, that isthe 2 41
value will be determined later. The validity of the following equation follows
from (2.1.10), (2.1.11):

a;¢rj.0  const; (1.7.12)

in other words, independenceof the product from the j-number. Equation
(2.1.12), in particular, gives

818 rme1:0= 2 k41 € I 0!

82



Substituting expression(2.1.9) for ¢ ry+1 .0 here and taking accourt of for-
mula (2.1.11) with j = k, we obtain
Y.
8 s € Tma1:0 = 0 i —Nilo? KE (1.7.13)

With the changing thicknessof the k-th layer the re°ectance changesat all
wavelengths. Let us denote R-incremert at , = ,| as ¢ R(). Further, we will
supply all the values calculated for , = || with the upper I-index in round
brackets. In particular, rj(|+)1;0 are values calculated from recurrent formulas
(2.1.6) with |, = | in (2.1.7).

In accordancewith (2.1.8)

n3 a o]
¢RO=2Re Qo ¢rl o (1.7.14)

The merit function increment causedby the variation of the k-th layer thick-
nessis equal to

X _h i
¢CF=2 A RX;, )i R(i) ¢RY;
1=1
or, taking accoun of (2.1.14),

pa n h i | | 0]
¢CF= Re 4A R(X;,)i R(1) (Q0%¢riae 1 (1715
=1

Let us set the initial conditions for the recurrent formula (2.1.11) L-limes:

h i
@y = 4A R0 RGY) (o) (1.7.16)

and let us carry out the conjugate variables calculation for all j from n to 1L
times. The conjugate variables calculated at the |-th initial conditions will also
be supplied with the | upper index in brackets, as? j(').

Using (2.1.16), let us put down expression(2.1.15) for the merit function
incremert as:

X ono Lo
¢cF= Re a{ ¢rl, o : (1.7.17)
1=1

Equality (2.1.13)is valid at any , . Thus,when, = |, we will obtain

I I L AYa I I
a §n)+1 ¢ r§n)+1 ;0 = I7nkrl(<;)oa (k)f (1-7-18)

B

Substituting (2.1.18) into (2.1.17) we nd that 1=1
cF=" Pham (0a 0 s
=g o
It follows from the above, that a partial derivative of the merit function with
respect to the k-th layer thicknessis equal to
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Q = —4nkl m rf('.)oa (kl) :
@l ’

N

The resulting expressionsallow a fast computation of the merit function
gradient. Actually, in order to calculate all partial derivativesfollowing formula
(2.1.19), it is suxcient to have the valuesof the conjugate variable obtained as
a result of L-operations on the recurrent formula (2.1.11) from m to 1. These
operations consumeas long as a single calculation of the merit function, (since
ft alsorequiresL operations of formula (2.1.6) from 1 to m). Mathematically,
the resulting expressionsare absolutely precise. Hence,a computer precision of
calculations is achieved. Due to this, the useof (2.1.11), (2.1.16) and (2.1.19)
in calculations increasethe exciency of the optimization methods employed.

In our experience,a high speedand precisionin merit function minimum 3°
determining are achieved when the combination of steepest descem method and
the conjugate gradients method is used. Optimization from the starting design
Xo beginsby employing the rst one and then the secondone is used as the
minimum is approaced. The starting designchoice will be consideredin detail
in the next subsection. Mearwhile we will dwell at somelength on the gist of
the methods enumerated above.

Vector - ¢ F, opposite in its direction to the merit function gradiert, is
known asits antigradient. It shaws the direction of the fastest decreaseof the
F-function at every point within its area of determination. In the steepest
descem method, the descem occurs from the starting point X © in the direction
of - r F(X?) antigradient. It meansthat the minimum of a single variable
function

(1.7.19)
1=1

"(®) = FIX%; @& F(X9)] (1.7.20)

is being souglt for along the X% @ F(X?©°) straight line in the parameter
space.

There are numerousways of seekingthe function ' (® minimum value, or,
asit is put, the ways of one-dimensionminimization. The simplest one looks as
follows. A certain step value h is set along the antigradient direction. Then a
sequettial motion along this direction is e®ectedin the parameter space. This
motion is takenin - j hr F steps. It meansthat when taking the p-th step
we nd oursehes at the Xq i phr F(X°) point. Every step is accompanied
by a veri cation of whether the ' -function keepsdecreasing,i.e., whether the
condition ' (ph) < ' [(%j 1)h] is valid. As soon as the condition is violated,
one step badkward is taken and the point of the stop is taken for the minimum
coordinate along the set antigradient direction.

The simplest algorithm of a one-dimensionminimization can be improved.
For a higher precision a parabolic interpolation of the ' (®) function is possible
using the three last points and determining the minimum point on the obtained
parabola. A step-courter is of use,too. If the stepsare too many, which tells
adversely on the solution time{it is expediert to increasethe h-value of the
step. If the steps are too few{which tells adversely on the precision of the
one-dimensionminimization{or if the very rst step results in increasing the
F -function, it is necessaryto decreasethe h-value of the step.

5The local minim um is undoubtedly meant here.
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Let us denote the minimum point obtained in the processof one-dimension
minimization as X '. The function F gradiert is calculated again at point X 1,
and a descem along the newly-oriented antigradient occurs. The next minimum
point obtained in the processof the one-dimensionminimization canbe denoted
asX 2. As aresult of a seriesof similar descets, we obtain a sequenceof points

with the merit function F valuesmonotonously decreasingalong the sequence:

FIXO > F(XY) > o> F(XK> o

Various criteria are used for interrupting the steepest desceh method, the
most widely usedone taking into accourt a merit function change. This is the
way it is implemented. A certain relatively small number " is set. As soon as
the following inequality becomesvalid

FXK i FX9 _
F(Xki1) '
the method terminates.

Usually, the steepest descemn method predeterminesa fast de-creaseof the
function along the “rst few directions of one-dimension, minimizations. Then
the speed of the decreaseslows radically. This is especially evidert when the
function isolineshave a "ravine-like" structure. Experienceshownsthat the merit
function isolinesin the synthesis problems look exactly like the former. The
"ravine-like" pattern of the merit function grows fast as the number of the
F-function variables, i.e., the number of the layers increases. The conjugate
gradients method allows to manage the ravine-like pattern of the minimized
function in a simple and reliable way.

The conjugate gradients method di®ersfrom the steepest descem onein the
fact that a one-dimensionminimization is not implemerted along the antigra-
dient but rather along some"adjusted" direction obtained with the previous
descen direction takeninto accourt. Let X ¥ be a point obtained after the k-th
processof a one-dimensionminimization; r F (X ¥) be the merit function gradi-
ent value at this point. Let ususedesignationof pc+1 for the vector pointing the
next k + 1-st direction of minimization. The antigradient vector at the starting
point X © is selectedasthe “rst direction:

pL=ir F(XO:
The subsequeh directions of minimization are determined in the following
way:
P = i F(X9)+ Tpi;

where the " factor, adjusting the antigradient direction towards the previous
direction of descen is determined from the formula

i ¢
TR xRy or Bty
< ir F(X9)p2 '
The outer round brackets denote here the scalar product of vectors.
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The processof a one-dimension minimization in the conjugate gradierts
method can be carried out in di®erert ways. Thus, the above method can be
applied, too.

It is sensibleto have the so-calledrenewal of the conjugate gradients method
from time to time. It means, in e®ect, that after ewvery s descets, the
“s+1, 2s+1,..: factors are believed to be equal to zero, and the antigradient
vector is selectedas the next minimization direction. The s number is usu-
ally determined within the range of 5-10. The method renewing decreasegshe
impact of calculation errors, including errors of a one-dimensionminimization.

As a criterion of a transition to the conjugate gradiernts method, a relative
decreaseof a merit function in the successie one-dimensionminimizations can
be used. In our experience, the transition is reasonablewhen the decrease
becomeslessthan 5¢10 2 5¢10 3.

Let us consideranother important item. To simplify the problems, we have
so far never mertioned any limitations concerning permissible values of the
coating parameters. Howewer, they do exist, the major of them being positive
valuesof the thicknesseof the coating layers. We will considerit in more detail.
There may be other limitations too, one of them, e.g., dealing with the total
thicknessof the coating, but they are often non-essetial.

Numerous optimization methods taking accourt of the limitations in the
parameter spacehave been elaborated. For their detailed description one can
seeD. Himmelblau's book (1972). Herewe will describe a simplestway of taking
accourt of the positive values of the layer thicknesses.

Let p-vector be setting the direction of a one-dimensionminimization in the
method currently employed. Let us put it down in the coordinate form as

In the processof one-dimensionminimization the motion towards the mini-
mum value is e®ectedas successie stepsof the following type:

X = X" hp;

where h is the value of the method step, X °) and X ©*Y are the coating
parametersvectors at the beginning and the end of every successie step. The
coordinate form of the expressionis:

If, as a result of any step, some layer thickness d(k0 1) becomesnegative,
its value is substituted by zero. Otherwise, the one-dimensionminimization
remains similar to the description above. As a result, condition dg 0 for

B

the permissible parametersvaluesis actually a simplest version of the gradient
projection method.

1.7.3 General pattern of the synthesis and the problem of
the starting design choice

As we set the problem, it is natural to consideroptimal for the given number of
layersa solution which correspondsto the global minimum of the merit function.
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However, the merit function is multiextremal, and besidesthe global minimum
there exist a lot of local minima. Their number grows fast as the number of
layers grows and reaches hundreds and thousands even for 6-10 layer coatings.
This makesa seard for an optimal solution extremely complicated.

Note also, that the very concept of the optimal solution is but poorly for-
malized. Indeed, which is better: a multilayer coating possessinge®ectance
closeto the required function R(, ) or a coating with fewer layersbut possessing
re°ectance somewhat less approximating the above function? It is even more
ambiguous, asit is next to impossibleto guessin advancethe relation between
the number of layers and the approximation closenesgo the required function.

In solving any kind of the synthesis problems, it is necessaryto" take into
accourt a number of other non-quartitativ e aspects, including, rstly , the nec-
essary costs of the solution in terms of computer time and labors costs. A
waste of many hoursin seard of an optimal solution is evidertly senselessf, on
the other hand, we can 'nd within seweral minutes "an acceptably adequate”
solution satisfying all the requiremerts.

All the above causesthe following conclusionconcerningthe merit function
optimization: a global optimization is frequertly redundant and it is advisable
to look for a suzciently thorough local minimum ensuringthe required accuracy
of the pre-setspectral dependenceapproximation and good feasibility properties
of the coating design.

Sud "quasioptimal” solution is frequertly achieveddueto a good selectionof
a starting designfor the merit function optimization. The researder's personal
experienceis undoubtedly of utmost importance, though a number of common
rules can be recommended. This, Trstly , concerns,edgeTters of various type.
It is advisableto usequarter-wave mirrors or somecombinations of such mirrors
asthe rst approximation to their design.

The required spectral characteristics of the edge Tters have two speci c
adjacent areas:that of a high re°ectance and the one of a high transmittance.
In synthesis, R(, ) is usually set as equal to O in one single spectral band and
R(,) = 1in the other one, adjacert to the former. We shavedin Chapter 1 that
the layer thicknessvariations are of little in°uence on the spectral characteristics
of the multila yer systemsin the high re°ectancezones,while they are much more
pronouncedin the adjacert areas. So, by varying the layer thicknesseswe can
increasetransmittance beyond the high re°ectance zonesof the mirrors without
any noticeable decreaseof their re°ection properties. It is due to this property
that gquarter-wave mirrors and their combinations asthe starting designsfor the
given classof synthesis problems are preferable.

The properties of the mirrors have beenthoroughly studied (seeChapter 1).
Thus, it is easyto selectand match their parameters so that a suzcient re-
°ectance level can be ensuredwithin the required band (the parametersinclude
the number of layers, and the certral wavelength). If the band turns to be of
a wider range than the principal high-re°ectance zone of the mirror, it is nec-
essaryto employ superimposedquarter-wave mirrors with certral wavelengths
displacedwith respect to ead other asthe starting design.

As an example, Fig. 2.1 shaws the re°ectance of an edge Tter obtained in
the described way. The layer refractive indices are ny = 2:30;n. = 1:34, the
substrate refractive index is 1.52, the outer spaceis the air (ny = 1). The layer
adjacert to the substrate has a high refractive index. The TTter was designed
for the useasa cold mirror in light sources.
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Fig. 2.1: Re°ectanceof the 21-layer edge lter
21S:7984 1:211.1:310H 1:351.1:1854 1:4511. 1:389H 1:207.1:513H 1:246.1:062H 1:174L: 674H : 785L: 999H :94(
with ng = 1:52,ny = 2:30;n. = 1:34(, o = 500nm)

In synthesis, R(,) ~ 1 was given within the band between400 and 800 nm
and R(,) ~ O within the band between 800 and 2000 nm. Since the high-
re°ectance zone of a quarter-wave mirror with refractive indices equal to 2.30
and 1.38 does not overlay the required spectral band, a combination of three
7-layer mirrors featuring certral wavelengthsof 700,600 and 500 nm was used.
It is of interest to note herethat asa result of optimization, the merit function
value was decreaseda hundred-fold.

Using this example, let us consider some ideas concerning the number of
layers of a synthesized coating, the wavelength set within the spectral band in
guestion and weight factors in (2.1.5).

The number of layers of the mirrors presering the starting designwasdeter-
mined sothat an adequatelevel of re°ectance was ensuredwithin the required
spectral band satisfying the elaborators of the light sources.

As for the selectionof the wavelength set, two con®icting requirements exist.
On the one hand, there is a wish to describe the obtained spectral dependencies
with utmost precision, and hencethere is a necessiy to usedensesets. On the
other hand, it is not desirableto extend the calculation time, which is propor-
tional to the number of points in the set. Sowe have to employ compromise
options. In order to achieve an adequate degree of accuracy of the spectral
curve description, it is usually sutcient to take 3-4 points of the set be-tween
its two adjacert extreme points. We should keepin mind that the distance be-
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tweentwo adjacert extreme points decreasessthe number of layers grows. An
experience of selecting setsis usually accurrulated fast in practical solution of
synthesis problems. For this purpose,preliminary calculations on densesetscan
be used. In many casesit is worthwhile to use non-homogeneousetsin order
to save the calculation time. They can frequertly be selectedas lessthick in
the long-wave part of the spectral band as the oscillation swing of the spectral
curve decreasedere. For instance, in order to calculate the designin Fig. 2.1
a set of a 20nm stepswas usedin the area between400and 800 nm, and a 40
nm step was employed within the area between800 and 2000nm.

When non-homogeneoussets are employed, we should keepin mind that a
decreasein the number of points within any spectral band leadsto decreasing
its relative cortribution into the merit function, and, consequetly, the response
of the latter to the approximation accuracy of the required spectral dependence
also decreaseshere. As was mertioned earlier, weight factors can be usedto
regulate the degreeof closenesshetween the actual and the required spectral
characteristics in various spectral zones. It is worthwhile to changethem some-
times assynthesisgoes, if it becomesevident in the processof optimization that
the approximation accuracy at some essetial spectral zonesis not suzcient.
When sudch systemsas edge lters are synthesized, it is worthwhile to select
weight factors small or even equal to zero, in the areasof sharp changesof the
target spectral curve. Otherwise, these areas can domineer as a cortribution
into the merit function dueto the great discrepancybetweenthe actual and the
required characteristics. In our example, the vicinity of the , point equal to
800nm represens suc an area.

It is ditcult to give all-embracing recommendationsconcerningthe starting
design choice and algorithm peculiarities for di®eren types of synthesis prob-
lems. Let us only note here that good starting designscan be also setin case
of wide-band mirrors and polarizers synthesis.

Let us now discusssynthesis problems where the starting design choice is
vague, as a rule. Sud are the problems of synthesis of antire°ection coatings,
neutral beamsplitters, multila yer systemsfeaturing non-standard spectral prop-
erties. How can a "quasioptimal” solution, if not the optimal one be obtained
for them?

Let us make another remark concerningoptimization of multiextremal func-
tions. In principle, there are mathematical methods of their global minimum
seardr. Howewer, a strict employment of these methods which would ensure
determining the global minimum is not feasiblepractically when the number of
variables exceedsl or 2 becauset implies the necessiy of tremendousamounts
of computer time. Due to this fact, methods are mostly used which, speak-
ing strictly mathematically, cannot guarantee unconditional determining of the
global minimum, but they are completely justi able in solving practical prob-
lems. The considerationsabove, related to a seard of quasioptimal solution of
the synthesis problems accord with this approad.

Very often multilayer optics synthesis problems are solved success-fully
through reiterated optimization of the merit function with seriesof random
starting designs.As a quasioptimal solution, a vector of the coating parameters
is taken, which correspondsto the deepest of the obtained minima. Sometimes,
it is worthwhile to pick out seweral quasioptimal solutions, especially, if the min-
ima are about the samedepths. The nal selectionof the best solution can be
done on the basis of the results of their practical implementation.
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Let us considerthe calculating processin more detail. In order to set the
starting designs,a generator of evenly distributed numbersis used. This code
can be found on any computer both mainframes and PCs. For the sake of
certainty, evenly distributed over the segme [0; 1] numbers are generated. Let
us denotethem as»;»;:::;»;:::. The coordinates of the rst starting design
vector are set in the following way:

where D is a normalization factor whose choice will be discusseda little
later. The second starting design employs the following random numbers

Certain conclusionscan be made concerninga selectionof the normalization
factor if we considerthe geometricinterpretation of the admittance suppliedin
Section 1.2. It was shaown there that with a change of the layer thicknessfrom
0 to ,=(2n), the admittance makesa complete circle in its phaseplane. With
a further growth of the layer thickness,the samevalues are obtained. Thus, if
we meart synthesis at one wavelength, employing a thicker layer than ,=(2n)
would be just senseless.But this cannot be so categorically assertedwhen a
synthesisin the spectral band is involved sincewe have di®erert trajectories in
the admittance phase plane for di®erent wavelengths. Nevertheless, practical
experience shaws that in the latter case,it is sensibleto take similar limita-
tions concerninglayer-thicknessesof the starting design. Hence, we obtain the
following estimation for the normalization factor selection:

D e
» 2n

Here , can be substituted for the mean wavelength of the spectral band in
question, and n - for the mean value of the layer refractive indices.

The number of the starting designsunder consideration can be limited by
setting either their total number or the calculation time. In order to try to
obtain deepest local minimum, it is worthwhile to do it in two steps. First a
rough (and consequetly a much faster, rather than more accurate) optimization
of the merit function is e®ectedfor a seriesof randomly set starting designs.
The stop criterion for it can be determined as a relative decreaseof the function
by 5¢10' 3 10 ? value. Further a more accurate optimization follows for only
5-10 options where the “rst stageresulted in least valuesof the merit function.

Sofar we have spoken about a seard of the merit function minimum at a set
number of the coating layers. Let us now considerthe question of setting this
number. Only most generalrecommendationsare possiblehere, asthe selection
of the number of layers is determined, rstly , by concrete design requiremerts
and, secondly it dependsgreatly on the courseof the solution (i.e., on where it
is possibleor impossibleto reacth a desiredlevel of approximation of the target
spectral dependence). We imply problems where assessmenof the number of
layers necessaryto achieve the pre-set spectral properties is vague or not clear
at the beginning.

On the whole, it is worthwhile to look for the solution of the problem by grad-
ually increasingthe number of layers as the ditculties of optimization increase
considerably with their number growing. Howeer, it is reasonablesometimes
to considera relatively large m from the very beginning, asit enablesa simul-
taneous seart for designswith a various number of layers. Let us dwell on it
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Fig. 2.2: Re°ectancesof the 6-layer antire°ection coatings with
ns = 1:.52ny = 2.30;n. = 1:45:
(1)6S:318H:34L1:977H:106.375H 1:099; (2)6S:34H:391L 1:104H 188L:710H 1:216.(, o =
500nm)

in more detail. For instance, when designing antire®ection coatings, we tend
to obtain a seriesof antire°ection coatings with various numbers of layers, still
not exceeding,sa, six. Then it is worthwhile to use as many starting designs
with six layers as possibleat the “rst, rough stage. Sincesomelayer thicknesses
generatedby the random number generator, are small, many of them turn to O
in the processof optimization (due to the projection to the permissible param-
etersregion). If the thicknessof the outer layer turns to zero, the total nhumber
of layers decreasedy one. If the thicknessof somemiddle layer turns to 0, the
adjacent layers having the samerefractive indices, merge, thus decreasingthe
total number of layers by 2. Due to this fact, the very rst, rough, stage of
the optimization givesa number of systemswith m < 6. They can be further
used as starting designsfor synthesis of antire®ection coatings with a number
of layers fewer than 6.

In conclusion of the section, let us consider the result of the synthesis of
six-layer antire®ection coatings for the spectral band between400and 900 nm.
Materials featuring n. = 1:45ny = 2:30 were used in the synthesis. The
layer adjacert to the substrate has a high refractive index. The substrate has
ns = 1:52, the outer spaceis the air. The normalization factor for generating
layer thicknessesin compliance with the above consideration was taken equal
to 150nm. During the rst, rough stageof optimization with the stop criterion
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of the function relative decreaseequal to 5 ¢10' 3, over 100 starting designs
were generated. A further, more re ned optimization with a stop at the 10"
value of the relative function decreasewas carried out for 10 options with the
minimal valuesof the merit function obtained in the coarseroptimization stage.
Two nal (quasioptimal) solutions were selectedfor the least valuesof the merit
function. The re°ectancesof the obtained solutions are preseried in Fig. 2.2.

1.8 Synthesis metho d based on the needle-lik e
variations of the refractiv e index

The synthesis method consideredat the end of the previous section enablesto

‘nd a reliably good solution within a sensibletime spanin casethe number of
layersis small and limited to 6-8. As the number of layers grows, the number of
local minima grows dramatically and a probability to reach a sutciently deep
minimum decreasesigni cantly. With the number of layersgrowing, the rate of
seard for the local minimum slows down and becomesamore complicated due to

a more complex structure of the function and an extendedtime of the function

and the gradient calculations. Sometimesthese ditculties are overcome by

varying thicknessesof only a few layersrather than all of them in the courseof
synthesis. This can be done, for instance, when there is a high re°ectance zones
in the required spectral band. Then, it is worthwhile to include xed quarter-

wave mirrors providing high re°ection in the required zonesinto the designsin

order to changethe thicknesseof only someadditional layers. However, on the

whole, this approac cannot guarantee common grounds and by far not always
producessatisfactory results. The method consideredbelow, accordingto a vast
experienceof its practical application, makesit possibleto nd a good solution

for many caseswhen other methods fail to.

The idea of the method was rst conceived when conditions for optimal
solutions of synthesis problems were investigated (Tikhonravov, 1982). This
method waslater successfullyemployed in solving various synthesis problems at
normal and oblique light incidence,including special casesvhenit wasnecessary
to obtain simultaneously the pre-setenergyand phaseproperties of the coating.
We will considerherethe simplestversionof the method designedfor a synthesis
of two-componert multila yer coatingsat the normal light incidence. Let us rst
discussprincipal ideasnecessaryto createit. At the end of the section we will
try to supply somemathematical explanationsto the succes®of the employment
of the method.

1.8.1 Needle-lik e variations of the refractiv e index

In order to introduce the principal ideasof the method, it is corveniert to de-
scribe a multilayer coating by somedistribution of the permittivit y "(z) (see
Section 1.1). We will considerthat there is no absorption in the layers, soin
equations of Section 1.1 "(z) = n?(z), where n(z) is a function describing a
distribution of refractive index. Two-componert coatings have piecewisecon-
tinuous functions n(z) alternatively taking the valuesof ny and n_.. Sofar it
is conveniert to considern(z) asan arbitrary piecewisecortin uous function. In
order to determine the spectral characteristics of the coating, the admittance
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method canbe used. With the normal light incidence,the amplitude re°ectance
is expressedthrough the input admittance accordingto the formula

Nai A(Za;,).

Na+ A(Za;,)’ (18.1)

r,)=
where for coatings with arbitrary n(z) distribution admittance is obtained asa
solution of the di®erertial equation

1/, £ o]
%ezi%@n%niA%zg (1.8.2)

with the initial condition

A(0;,) = ng: (1.8.3)

Remenber that 0 is a coordinate of the boundary betweenthe coating and
the substrate, z, is a coordinate of the boundary with the outer space. Thus,
Z, is a total geometrical thicknessof the coating.

The re°ectanceis expressedaccording to

R()=ir()i*=r()ri(): (1.8.4)

It is evidert from (2.2.1)-(2.2.4) that the values of the amplitude and the
energy re°ection coezcients are fully de ned by the n(z) function, which, con-
sequettly, plays a role similar to that of the X vector in the previous section.
So, likein Section2.1, it will be sensibleto intro duce designation R[n(z);, ] for
energyre°ection coexcient. Let us alsointroduce the merit function similar to
(2.1.5):

X n 0>
FIn(l= A RI[nZ);.1]i R(1) (1.8.5)
I=1
Its value is non-ambiguously determined by the n(z) function.

When solving synthesis problems, we actually match the n(z) function, so
that the merit function (2.2.5) can be minimized. It certainly meansthat only
somefunctions of the so-calledpermissible set are matched. For instance, when
designingtwo-componert coatingsonly piecewisecontin uous functions are con-
sideredtaking alternately the valuesof ny and n, .

This view of the synthesis problems make them similar to the classicalprob-
lems of the optimal cortrol theory (Pontrjagin et al., 1976). The merit function
(2.2.5) turns to be goalfunction of the optimal cortrol theory, the n(z) refractive
index distribution is similar to the cortrol function and the di®erertial equation
for admittance (2.2.2) is a sort of motion equation guided by n(z). Let us note,
by the way, that the fruitfulness of the latter comparisonwas demonstrated in
Section 1.2. At the sametime, there are certain di®erences:equation (2.2.2)
includes the spectral parameter , , and the merit function is determined as the
sum depending on the solutions of equation (2.2.2) for the various valuesof this
parameter.

Of special importance for us is a speci ¢ construction of the optimal control
theory-the so-calledneedle-lilke variation of the cortrol function. It is illustrated
in Fig. 2.3. Let n(z) be somepiecewisecortin uous distribution of the refractive
index (a solid curve in the upper part of Fig. 2.3). Let us select some point
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z on [0; z] where function n(z) is corntinuous, and consider the small segmen
[z 2+ ¢ z] onits right. Let us changethe refractive index n(z) here, taking it
equalto somevalue . This changeof the refractive index is called a needle-like
variation of the n(z) function at point z The origin of the name is evident
from Fig 2.3. The n(z) variation takesthe shape of a "needle" (hatched in Fig.
2.3): its width ¢ z is small, accordingto the condition, while its height can be
signi cant.

Let us 'nd out how the solution of the equation for the admittance changes
when the needle-like variation of the refractive index n(z) at point #z is done.
Not to overcomplicate the explanation, let us not be overduly strict from the
mathematical point of view. A strict substartiation of the following is similar
to the proof of corresponding results in the optimal cortrol theory.

Fig. 2.3: Needle-like variation of the re°ective index and corresponding
admittance variation

Let us designateas r(z) the function obtained as a result of the needle-like
variation at point 2

_ n(2); z2[22+ ¢z,
"(z) = n,  z2[22+ ¢z
Let A(O;, ) be arelevant solution of the equation for admittance:

S AL '

e R(2) i A%(z;,) ; (1.8.6)

satisfying the sameinitial condition as before:
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A(0;,) = ng:

Functions n(z) and r(z) are the samewithin the segmen [0; ], so solutions
of equations (2.2.2) and (2.2.6) coincide. Thus, A(z,) = A(%,). Starting at
point 2 these solutions diverge (seeFig. 2.3)4°%. Let us considerthem rst at
the narrow segmen [2;2 + ¢ z]. The incremerts of A(z;, ) and A(z;, ) function
within the segmem will be determined to an accuracy of the rst order with
respect to ¢ z. In this approximation the rates of changesof the solutions can
be taken as constarts and equalto their valuesat the left point of the segmer.
Keeping that in mind, we obtain from (2.2.2) and (2.2.6) that the solution
incremenrts within the segmen [2;2; +¢ z] are equal to

1/, £ o]
¢A:i34n%@iA%z,)¢z

1/, £ o]
¢A:ig@n2iA%z,)¢z (1.8.7)

B

Here, we alsotook into accourt that A(z, ) = A(%, ), and r(z) are equalto
A at the segmem in question. Subtracting the “rst from the secondequation in
(2.2.7) we obtain that solutions of equations (2.2.2) and (2.2.6) will digressat
2+ ¢( z) by the value of
2Y4E a
+A = i 2702 n?2 ¢z (1.8.8)
Within the next segmen [2 + ¢( 2);z,] the r(z) and n(z) functions will
coincide again, however the solutions for (2.2.2) and (2.2.6) will be di®erent as
they have di®erert valuesat the initial point of segmen 2+ ¢ z. Let usdesignate

A (z;,) = A(z;,)i Az;,):

Function +A(z;,) is small, since the di®erence(2.2.8) between the initial
conditions at point 2+ ¢ z is small. It comesfrom the theorem on continuous
dependenceof the di®erertial equation solutions on the initial conditions.

We will obtain a di®erertial equation for the +A(z; , ) function, its smallness
taken into consideration. For this, let us assumeA(z;,) = A(z;,) + #A(z;,)
in (2.2.6) and subtract equation (2.2.2) from (2.2.6). Taking into accourt that
within the segmen in question r(z) and n(z) functions coincide, and having
neglectedthe squareof +A(z;, ) we will obtain

1
idA—; = i4—/4A(z;,)tA(z;,): (1.8.9)

It is alinear di®ererial equationwith respectto +A(z;, ) function. Its initial
condition is setin equation (2.2.8) at point 2+ ¢ z. Sincethe smallnessorder of
the initial condition is ¢ z, the whole solution of equation (2.2.9) has the same
order of smallness.Further, it is conveniert to hold that the initial condition was
setat point 2 rather than at point 2+ ¢ z. In this case,the error intro ducedinto
the solution is proportional to ¢ z2 and is not essetial for further conclusions

6Solution for and (2.2.6) in Fig. 2.3 are simplied. In fact both these functions have
complex values.
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sincefrom the very start all calculations are made with an accuracyto the rst
order of ¢ z. So,the initial condition for equation (2.2.9) is put down as

1/, £ o]
+A(2,) = i 2752 2 2 (1.8.10)

Equation (2.2.9) with the initial condition (2.2.10) makesit possibleto obtain
a changein admittance when the needle-like variation of the refractive index is
made at point 2. This solution can be written down with an explicit formula
containing function A(z;, ) under the symbol of integral. However, we will have
no need of this form of presenation. So far, the following is of importance: a
change of admittance can be, on principle, found at any point up to the outer
boundary z = z,.

1.8.2 The principal idea of the metho d

With the needle-like variation of the refractive index the input admittance
changesand the re°ectance and the merit function change,too.

As was mertioned earlier, equation (2.2.9) with the initial condition (2.2.10)
enablesin principle to 'nd the admittance changeat point z,. Solet us express
the merit function (2.2.5) variation with the help of £A(z,;, ). For this purpose,
let us rst write out the variations of the amplitude and the energy re°ection
coezxcients. From (2.2.1) we obtain that with the changeof the input admittance
by the value of +A(z,;, ), the amplitude re°ection coezcient getsan incremert
of

[1+r()°
2N,

It follows from (2.2.4) and (2.2.11), that

#(,)=i A (za;,): (1.8.11)

#R(,) = 2Refr?(,)#r(,)g=
1 n (o]
i —Re )L+ r()2#A(za,) (1.8.12)

The merit function changewith (2.2.12) taken accourt of is equal to

ps h i
=2 upsilon R(,1)i R(1) R =
i=1
o X h i n 0]
i —  upsilon R(,1)i R(,) £Re r°()[1+r(, NP +A(za;,) : (1.8.13)
ai=1
To shorten the record, we do not specify hereor later an evident dependence
on n(z). It is quite clear from the above what kind of values depend on the
distribution of the refractive index.
Let us transform (2.2.13) into a more conveniert expressionfor further use.
Let usintroduce the so-calledconjugate equation for the purpose:
a4

o =A@ 7L (1.8.14)

5
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This is alinear di®erertial equationwith respectto function 2. It is complex
like (2.2.2), (2.2.6) and (2.2.9). The solution of equation (2.2.2) for admittance
is its coexcient. The right part of equation (2.2.14) also contains the spectral
parameter , . Similar to the admittance, we designate here the dependenceof
the @ function on this parameter. We will refer to the 3( z;, ) function as a

conjugate one.
Let us setL times the boundary condition at point z, for equation (2.2.14):

h i
8 za;.1) = n—zaA RCYT R G0+ r( 0 (1.8.15)

Now the expression(2.2.13) can be rewritten with the help of (2.2.15) as

X
H = Refa( za;, )*A(za;,1)9: (1.8.16)
i=1
Let us considerthe product of &( z;, )*A(z;, ) at arbitrary z from segmem
[2;za]. Di®erertiating it with respect to z and taking accourt of (2.2.9) and
(2.2.14), we obtain that

d a

a CY+A(7 Y] = O

5 F(z)AE, )] =0
Thus, the product doesnot depend on z. So

4 za;, )¥A(Zar,) = 3 245, )2A(2, ):

Substituting 2 for z, in (2.2.16) and taking into accourt the initial condition
(2.2.10), we nally obtain that,

X 1 £ o
# =2Y%,  ZImfa( 2, )g A% n?(2) ¢z (1.8.17)
=1 !

Let us introduce another designation

X g
P(z)= 2% —Imf3(z,)g: (1.8.18)
EI

Then (2.2.17) can be put down as

£ o]
# = P(2) h% n%(?) ¢z (1.8.19)

This is the "nal expressionfor the value of the merit function changesougtt
for. It underlies the method of synthesis in question. Let us make another
important remark beforewe, at last, proceedwith the explanation of the method
itself. The P(z) function introducedin (2.2.18) is in no way dependen on the
needle-like variation of the refractive index. It is only determined by the n(z)
function. Indeed, in order to calculate it for the n(z) arbitrary dependence,it
is necessaryrst to provide L times a numerical solution of equation (2.2.2) for
di®erert valuesof , and then to integrate numerically L times in the reverse
direction the conjugate equation (2.2.14) with the initial conditions (2.2.15).
Solutions of the equation (2.2.2) and equation (2.2.14) depend only on n(2z).
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Fig. 2.4: Needle-like variation causingthe decreaseof the merit function

The idea of the method will be discussedas applicable to the synthesis of
two-componert coatings. By this we will further considern(z) functions taking
two values of ny and n_. One of these functions, corresponding to a three-
layer coating, is presened in Fig. 2.4. As we have just remarked, n(z) de nes
unambiguously the P (z) function, setby equation (2.2.18). We will shov Below
that the P(z) function is determined in a very simple way with the help of
recurrent formulas. Suppose now, the function has already been calculated
and is presenried in Fig. 2.4. We will consider the needle-like variations of
¢ n=ny i n_ high. And wewill hold that at points wheren(z] = n_ they may
be e®ectedonly upwards, and at points wheren(z) = ny only downwards. Let
us call such needle-like variations permissible,sincewhenthey occur, the coating
corresponding to the newn(z) distribution remainstwo-componert. Let usnote
that a permissiblevariation made at the boundary of the layersis equivalent to
an increasein the thicknessof one layer and a decreasein the thicknessof the
other one. If a permissiblevariation occurs at someinterior point of a layer, it
is equivalert to a changeof this layer into three new ones,with the middle layer
having the refractive index di®erert from the initial one (SeeFig. 2.4).

Expression(2.2.19) makesit possibleto determine the merit function change
at any point 2 2 [0;z,]. In expression(2.2.19)A = ny,if n2=n_ andh = n,,
if n(2) = ny by the de nition of permissible variation. At suzciently small
¢ z this variation will necessitatethe merit function decreasejf n(2) = n_, and
P(2) < 0 at the sametime, or if simultaneously n(2) = ny and P(2) > 0. We
mention a suzciently small width herebecausehe accuracyof (2.2.19)increases
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as ¢ z decreases. With a large width of a needle-like variation, higher order
terms of (2.2.19), not taken into accoun, reveal themselves more visually and
the "nal expressionmay turn wrong. The parts of the z-axis where suzciently

narrow needle-like variations will necessaryead to the merit function decrease,
are shawn in a thick solid line in Fig. 2.4. As we see,knowledge of the P(z)

function enablesimplemerting the merit function minimization by carrying out

permissible needle-like variation of the refractive index. It is evident that the

variations are most e+cient at points where modulus of the P(z) function is

maximal. This is the principal idea of the method. We will consider one of
the versions of the method in greater detail belov. Now, to ensurea more
profound assessmemnof the considerationsabove, let us investigate its relation

to the gradient methods of the merit function optimization.

In the processof optimization by gradient methods a successie changeof the
layer thicknessesby small stepsoccurs. Such changesare evidertly equivalent
to a seriesof needle-like variations of the refractive index at the boundaries of
the layers. As we said earlier, the reverserelation is valid, too. So, the decrease
of the merit function due to needle-like variations at the layer boundaries is
to a certain degreesimilar to optimization by the gradient methods. It leads
to an idea that the information usedin these methods is somehav preser in
the P(z) function. It really turns out to be so. We may prove that the merit
function derivativeswith respect to the layer thicknessesare expressedhrough
the valuesof P(z) at the boundariesof the layers.

But the P(z) function contains more information than the one usedby the
gradient methods. Let us explain it in more details. Let a coating be found in
the processof the merit function optimization. Then the P(z) function values
at the boundaries of the layers must be closeto zero. Otherwise, due to small
changesof the layer thicknessesthrough corresponding needle-like variations,
the merit function can be signi cantly decreased.But this runs courter to the
fact that the obtained design causesthe minimum. Small di®erencesof P (z)
from the zero at the layer boundaries are certainly possible becauseminima
are always found with a de nite degreeof accuracy Howewer, the proximity
of the P(z) to zero near the layer boundaries does not at all mean that the
function is small everywherealong [0; z,]. There may be zonesinside the layers
where modulus of the P(z) function is suzciently big, and permissible needle-
like variations causesigni cant decreaseof the merit function (seeabove). This
situation is illustrated in Fig. 2.4.

In ead caseof the inner needle-like variation the number of layersincreases
by two. If a two-componert coating is mathematically described by a vector of
the layer thicknesses(as in Section 2.1), the increaseof the number of layers
means a transition to the space of another, larger dimension. So, it turns,
that the P(z) function also contains information on how to decreasethe merit
function dueto an increaseof the sought for vector dimension. Let us note that
all the standard optimization methods always operate in the spaceof a xed
dimension.

1.8.3 Description of the metho d

We will consider the simplest version of the method which was suggestedby
Baskakov and Tikhonravov (1984). It consistsof 3 major componerts: 1-the
merit function optimization by the gradiert methods; 2-the P (z) function calcu-
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lation and the needle-like variations block; 3-projection of the layer thicknesses
vector on spacef smallerdimension. Let us now look upon eat oneseparately
concerrating on their goalsand relations.

The "rst componert is a program of the merit function optimization de-
scribed in the previous section. The outcome of its work is an m-dimension
vector, whosecoordinates are the layer thicknessesf a two-componert coating.

The secondcomponert program is the principal onein the method under
investigation. It operates as follows. The m;-dimension vector X ; describing
the layer thicknessesof somecoating is fed at the input of the program. It can
either be a vector obtained as a result of optimization with the preset starting
design X, or the vector selectedfrom the seriesof the local minima for the
randomly set starting designs(see Section 2.1), or somearbitrary vector. The
P (z) function corresponding to the n(z) distribution described by vector X ; is
calculated here. The P(z) calculation algorithm will be consideredin details
below after we describe and investigate the method asa whole. Then a point is
determined where the needle-like variation leadsto a most e®ective decreaseof
the merit function (seeabove). At this point a permissible needle-like variation
of the width that actually decreaseshe merit function is e®ectedat large values
of ¢ z there may be no decreaseaswasdiscussedearlier). For the simplestcase,
the ¢ z selectionis e®ectedin the following way. A certain initial width of the
needle(about 10nm for the synthesisin the visible band of the spectrum) is set
as an input parameter of the method. If it turns to be too large, a successie
decreaseof ¢ z occurs to ensure the needle-like variation bringing about the
merit function decrease. Then, the P(z) function is calculated again and the
most favorable point of variation is determined and another permissible needle-
like variation is e®ectedresulting in the new decreaseof the merit function. This
processis reiterated M times, where M is an input parameter of the method
set at the beginning of the calculations (parameter M is usually taken as equal
to 3-5).

As a result of a seriesof needle-like variations, at the output of the second
componert program X, vector is obtained of the m, , mj; dimension (the
dimensionmay not necessarilyincrease,if all the variations were e®ectedat the
boundary points). An obligatory condition F (X ;) < F(X3) is obsened.

The vector X, is fed as the starting design for optimization into the rst
program. The program e®ectsthe optimization, the non-negative layer thick-
nessesaken into accourt. Many coordinates of the X, vector are small. So,
asa rule a number of coordinates of the vector obtained in the processof opti-
mization becomeequalto zero. Let us denotethe vector obtained as X 3 and its
dimensionas m3(ms - my). The value of the merit function further decreases
in the processof optimization: F(X3) < F(X23).

One of the major obstaclesfor a good implementabilit y of the results of
the synthesis can reveal itself in a great number of the coating layers. Despite
the fact that mz < m, as a rule, the X3 vector can still be of a too large
dimension. So, it turned out to be worthwhile to intro duce another component
of the method decreasingthe dimension. It will simply operate proceedingfrom
the fact that all the coordinates of vector X 3 having valuessmaller than certain
dmin (Which is another input parameter of the method) are believed to be equal
to zero. If the coordinate of the inner layer of the coating is taken as equal to
zero, the adjacert layers mergeinto one and the vector dimension decreasedy
2. As aresult, vector X 4 is obtained at the output of the third component, the
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vector dimensionsbeing my - mg. The value of F(X4) is most likely greater
than F(X3). Howewer, this increaseof the merit function can be compensated
at leastpartly by the successie optimization with the rst componernt program.
After such an optimization we obtain vector X5 where F(X5) < F(X4). The
dimension of the X vector can further decreasedue to the limitations taken
accourt of.

The complete cycle of the method terminates on obtaining vector X 5. Then
vector X5 can either be fed into the input of the secondprogram to seard for
the solution accordingto the above pattern. It may alsobe presened asthe nal
result of the synthesis. It is very often suxcient for a good result to complete
onecycle. The supplied description makesit clearthat the method is especially
worthwhile in an interactive regime with a possibility of an intellectual impact
at ewery stage (correcting the parameters of the method, solving the question
concerningthe necessiy of a further seard, etc.). Note alsothat one complete
cycle of the method takesas a rule a few minutes of calculations on computers.

Before we consideran example of syrthesis, let us write down the algorithm
of the P(z) function calculation being the basis of the method. According to
the above considerations, rst we ought to solve the di®ererial equation for
admittance L times with , = ,1;:::;, . Note, that we are now interested
not only in the input admittance, necessaryto calculate the re°ectance, but
to ensurethe whole of the solution of equation (2.2.2) on [0; za], sinceit is
incorporated in the conjugate equation (2.2.14) as a coexcient. This solution
was in fact obtained for the caseof a piecewise-constah dependenceof n(z) in
Section 1.2. Making use of (1.2.20) we can write it down for any layer of the
coating. In the j-th layer, i.e., on the [z, 1;z] segmen admittance looks like

inj sin" + A(z; 1,, ) cos'
cos' + (i=nj)A(z; 1;,)sin

2Y.
= —4n,- (zi z;1): (1.8.20)

A(z;,) =

Here A(z;; 1;, ) is the value of admittance at the left boundary of the layer.
Refractive index n; takesthe valuesof ny and n_ depending on the order of
sequenceof layers with high and low refractive indices. Solution of equation
(2.2.2) is obtained with the help of (2.2.20) subsequetly from layer to layer,
taking account of the initial condition at zg = O:

A(Zo;,) = ns:

Now we will obtain a common formula for the solution of a conjugate equa-
tion (2.2.14) in the j-th layer. It is necessaryfor the purposeto substitute the
explicit expressionfor A(z;,) into (2.2.14). Note that if we additionally multi-
ply the numerator in (2.2.20) by i(2%#,) it will coincide with the denominator
derivative of the expression. So equation (2.2.14) can be written down in the
following form:

S Az 1)) . 2V Y
Jniill”sin —4n,-(zi z,1) ¥z,):

5 J B

da d 2Y. | ;
& 2&'” cos —4nj(Zi zj;1) ti

Dividing it by the 2( z;,) function and integrating with respect to dz, we
obtain a common expressionfor the conjugate function in the j -th layer:
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2z,)=C cos “n(zi z;2) i Etsin Tz z;0)

(1.8.21)

The boundary conditions (2.2.15) for the conjugate function are set at the

right boundary of the last, m-th layer z,, = z,. Sothe solution of the conjugate

equation ought to be e®ectedrom the right leftward. Due to this, the inde nite

constart C in (2.2.21) ought to be determined at the right boundary point of

the j -th layer. As aresult we obtain the following expressionfor calculating the

conjugate function in the j-th layer

J

az.)=%1z;.)
( cos' + %A(zji 1;.)sin' ) 2

_ 1 1.8.22
cog2#n; d) + 1-A(z; 1;,) sin(*n; g)) ( !

Here' = (2¥#,)nj(zi z; 1) and d; is the thicknessof the j-th layer.

Fig. 2.5: Re®ectanceof the 8-layer antire°ection coating:
8S:295H:2911 : 149H:074L1:9154:107H 1:052L with
ng = 1:52ny = 2:30;n. = 1:38: (, o = 500nm)

function is calculated. This done, there are no obstaclesto nding P(z) from
(2.2.18). Note, that it is suzcient to store in the computer memory only the

102



values of the admittance at the layers boundaries in order to determine the
3( z;,) functions. As we can see,the algorithm of the P (z) function calculation
is very economicalboth with respect to the calculation time and the volume of
information stored in the computer memory.

Let us now consider an example of synthesis described by Baskakov and
Tikhonravov (1984). An antire®ection coating was designedfor the visible spec-
tral band on the basisof materials with the refractiveindicesofn, = 1:38;ny =
2:30 with glassfeaturing ng = 1:52 asthe substrate and air asthe outer space.
The layer adjacert to the substrate had a high refractive index.

The synthesis processstarted with a seard for a two-layer antire®ection
coating with a random setting of the starting design. The time of the seard was
limited to 5 minutes. The X1 vector selectedwithin this time and implementing
the deepestlocal minimum wasfed at the input of the secondprogram. Then the
synthesis processcortin ued along the pattern described above. The calculations
were made within one complete cycle of the method. The terminating results
for eat stageare shavn in Table 2.1 where dimensionsof the obtained vectors

Fig 2.5. The geometric thicknessesof the layers in nanometers (starting from
the substrate) are equal to 14:1; 26:4;8:1;6:7; 1041; 9:7; 16:9; 95:3. The optical
thicknessesof the layers are equal to 32:4; 36:4; 18:6; 9:3; 2394; 13:4; 38:9; 1315.
The total seard time was about 10 minutes on the BESM-6 mainframe.

In conclusion of the section we would like to suggesta few more considera-
tions. As onecan see,the method described above is heuristic in many respects.
Theoretically, it doesnot guarantee an optimal solution of the synthesis prob-
lem. Nevertheless,a practical experienceof calculations shaws that the method
allows to 'nd a good solution within a short time for many cases.

We have consideredjust one of the options of the method. Its further de-
velopmen (Grishina and Tikhonravov, 1988) showed that introducing certain
improvemerts we can decline component 1 of the method. The part of the rst
program can be performed then by the principal componert of the method.
The optimization in a spaceof a xed dimension is e®ectedthrough a relative
increaseof the number of needle-like variations at the boundariesof the layers,
which is achieved by a number of algorithmic sophistications.
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